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1. Introduction

A numerical method is developed for approximating the solution to the Vlasov-Poisson-
Fokker-Planck system in two spatial dimensions. The method generalizes the approxima-
tion for the system in one dimension given in [S. Wollman, E. Ozizmir, Numerical
approximation of the Vlasov-Poisson-Fokker-Planck system in one dimension, J. Comput.
Phys. 202 (2005) 602-644]. The numerical procedure is based on a change of variables
that puts the convection-diffusion equation into a form so that finite difference methods
for parabolic type partial differential equations can be applied. The computational cycle
combines a type of deterministic particle method with a periodic interpolation of the
solution along particle trajectories onto a fixed grid. computational work is done to dem-
onstrate the accuracy and effectiveness of the approximation method. Parts of the
numerical procedure are adapted to run on a parallel computer.

© 2009 Elsevier Inc. All rights reserved.

The purpose of this paper is to develop a numerical method for approximating the Vlasov-Poisson-Fokker-Planck system
in two spatial dimension, i.e., in a four dimensional phase space. Let x = (x1,X2), v = (v1, 2)
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The set A € R* is defined as A = {(x, 2)/0 < X1,%, < L, —oco0 < v1, 13 < oc}. For (x, v) € Aand t € [0, T] the equations with peri-

odic boundary conditions are given as

of
ot
f(OaX27 v, t) :f(L7X27 v, t)7

U v&f""E(Xv t) : vﬂf = V” : (ﬁyf+qva)7 f(X, v, 0) :fO(x7 ?/),
f(X],O,Z/,t)Zf(XhL,U,t). (11)

Also it is assumed that limy,_..f(x, ,t) = 0. Eq. (1.1) is combined with

E(x,t) = —Vi¢
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where

Ax(;b = _p(xﬂ t)

(0.5, 0) = BLxn ). $(x1.0.6) = (x1,L.0) 12

and
p(x,t) = /f(x, v, t)dv — h(x).

The Egs. (1.1) and (1.2) are a mathematical model for a collisional, electrostatic plasma. The function, f(x, v, t), is the phase
space distribution function for a single species of charged particles in the presence of a fixed background charge density gi-
ven by h(x). In (1.1) g > 0 and q > 0 are constants. The parameter $ relates to the viscosity, and q is a coefficient of diffusion.
A brief description of the numerical method of the present paper is contained in [29].

The Fokker-Planck equation of the form (1.1) is derived by Chandrasekhar in [10] in connection with the theory of Brown-
ian motion. The equation has been used as a model for small angle collisions in a plasma. Accordingly in papers [1,12,16,20] a
one dimensional version of (1.1) and (1.2) is used to study collisional effects on Landau damping. In this application the func-
tion, f, is regarded as an electron distribution in a fixed background of opposite charge. Another application for a Fokker-
Planck equation of type (1.1) is the momentum relaxation of a small admixture of a heavy gas in a light one [21]. The light
gas is assumed to be in equilibrium. For such an application the function, f, can be regarded as a distribution of heavy positive
ions [6]. The Egs. (1.1) and (1.2) also find applications in the study of the statistical properties of laser light. A reference for
the Fokker-Planck equation in this context is [24]. As a model for electron-electron and electron-ion collisions in a plasma
the equation with B, q constant has its limitations as is pointed out in [20, footnote 3]. The more complete Fokker-Planck
model for such collisions requires that 8,q in (1.1) be respectively vector and tensor expressions in terms of velocity, ». In
an equivalent form the equation is then referred to as the Fokker-Planck-Landau equation, [17].

In the collisionless case, § = g = 0, a numerical approximation is given for a 2-D periodic problem of this type by Shoucri
and Gagne [26]. In [28] we develop a numerical method for the Vlasov-Poisson-Fokker-Planck system in 1-D. An analysis of
the convergence and accuracy of the method as applied to a linear Vlasov-Fokker-Planck equation in 1-D is carried out in
[30]. The goal of the present work is to extend the method of [28] to the Vlasov-Poisson-Fokker-Planck system in two
dimensions. We also consider the system for which there is a constant magnetic field in the z = x3 direction. In this case
the force, E(x,t), in (1.1) is replaced with E(x,t)+2xB, and B=(0,0,B,) with B, a constant. Letting
v = (v1, V2, 03), E=(E1,E2,0) then E(x,t) + v x B= (E1 + v2B;,E2 — v1B;,0). Our methods can apply to the system with the
resulting v x B force included. A description of the electrostatic problem with the constant magnetic field for collisionless
plasma is contained in [18].

A number of other papers have been written on the numerical approximation of the Vlasov-Poisson-Fokker-Planck sys-
tem in higher dimensions. Random particle methods are considered in [1,15]. In [3,4] convergence analyses are carried out
for types of finite element approximations. A type of deterministic particle method based on a splitting of operations be-
tween a convection step and a diffusion step is developed in [16]. Numerical solutions based on expanding the distribution
function in terms of spherical harmonics are obtained in [5]. A numerical method for a Vlasov-Fokker-Planck system in 2-D
with a self consistent electric and magnetic field is in [19]. Some papers on the approximation of the Fokker-Planck-Landau
system are [7,11,23]. Additional related work is contained in [9,13,14].

2. Change of variables
2.1. Electrostatic case, B, =0

We start by considering the system (1.1) and (1.2) without the magnetic field. The numerical method is based on making
a change of variables to put (1.1) into a form so that finite difference methods for parabolic type PDE’s can be applied. To
reformulate the system this way we first consider the transport Eq. (1.1) as an initial value problem in all space, i.e.,
—o00 < X1,X2 < oo, and with E(x, t) as a known function. The characteristic equations associated with the first order transport
part of (1.1) in component form are

dx p
(Ttlz vy, x(0)=¢&

dx
(th: V2, x%(0)=¢&

d
%: Ei(x(t),t) = pv1, v1(0) =1,

vy _
dac

2.1)

Ex(x(t),t) — B2,  12(0) =1,
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The solution is written

x1(t) =x1(&1, &, 11,10, 0),  Xa(b) = X2(&1, &2, 14,11y, 1),
Z/](t) = 7/1(61762,’7177]271-)7 Z/z(t) = 7/2(61762a7]17’727t)~ (22)

The solution to (2.1) defines a transformation of R4 — R4 as (¢,1) — (x(&,1,t), v(&,1,t)). The Jacobian of this transformation is
A(x,v)/0(¢,m) = e~?Pt 5 0. Thus the transformation is invertible. Let the inverse transformation be given by

& =&1(X1,%, V1, 0, L), & = (X1, X2, U1, V2, 1),
Ny =Ny (X1,X2, U1, V2, 1), 1, = N,y(X1,X2, U1, V2, 1). (2.3)

The functions (2.3) are independent integrals of the system (2.1). Following the procedure in [10] the Eq. (1.1) is written in
terms of the variables (&, 7).

f 06\, (0 \ P ( (96N, (9a\\ P ((om\* . (om)*\ &f
29 (Goy) \aw) ozt \\aw) “\aw.) ozt \\aw) *\aw) )on
on, o\ &f 0\ (05 | (94 (9% _&f L [(om)\ (o,
+<<81}1) +(au2> a2 81/1 avy) T \aw ) \on,) | 0z,05, T T [\ow ) \on,
men 8112 Pf N (74 of . (Pn, Tny\ Of
vy 01/2 01116112 ov? E)vz ¢ 902 002 on,|
With a change of dependent variable f(&,n,t) = e?/'g(¢,1,t) one obtains the initial value problem for g as
og E)f 89 : ‘9’71‘ an;\"\ &g
m_q<; ((E}v] v, ) 02 }Z( 81/1) +<87J2> on?
(o) Gn) = 22) a—)) I <<a¢,><%)+<%)<%>>
oV ) \O0v; v, ) \Ov aqagz = 5 ov ) \O 0v, ) \0v2 ) ) 0&i0m;
(o) (on (o) (On
ovy ) \0r, 0v, ) \Ov, 87’/18772

2 (g P (0 9y og
> (87/2 902 af, *Z o "oz | o,
&(&n,0) =fo(&,n). (2.4)

i
We need to write the coefficients of (2.4) as functions of &, # and t. This involves writing derivatives of ¢, # with respect to
v1, v in terms of derivatives of x(&, 7, t), v(&, 7, t) with respect to &, 7. Let

+2

223 R o
& oMy
__[0& 9 ony o, A
= . . : U= |—,—=,—,—=|, b=10,0,1,0].
Q . . . N b {87}178”178”]70”1 ) [ ) b bl j|
& ony
Here Q is the matrix for the Jacobian determinant d(x, v)/9(¢, n7). Expressions for the first derivatives of ¢, 17 with respect to v,
are obtained as solutions to
Qi =bh. (2.5)
Expressions for the first derivatives of ¢,n with respect to », are obtained as the solution to (2.5) but with
— 2 L\ 2 A
i= [g;'z S5, %,%] and b = [0,0,0,1]. Thus we let (0“) + (;’7‘2) =c1(¢,7,t) as the coefficient of‘,’% in which ¢;(¢,n,t) is
geq
an expression involving first derivatives of x(&,#,t), v(¢,n,t) with respect to ¢ 7. Similarly one obtains coefficients
(&1, t),...,Ccr0(é,m,t) of the other second partial terms in (2.4) of the form 82g/(04”§1 IERONTONE), 0 < 1,712,
51,52 <2, 11 +12 +51+52 = 2.
The coefficients in (2.4) of the first partial terms with respect to ¢,# involve second derivatives of &, with respect to

2 = 2 2 . . .
v1, v, Lety = [‘Zﬁ fm? ,"av”%‘ ,‘3)27%2]. The vector j is obtained as the solution to

Qy=-F (2.6)
where F = [Fy, F,, F3,F4)". Here F; = uAu" for which i = ["—1 2, o %] and

vy 2 0vy 2 Dvy ) Dy

i)z)q 82x1 02x1 02x1
02 040% 95 0m 940,
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on? ony0ny
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The matrix A is symmetric so the lower triangular part is obtained from the symmetry. The components of i can be evaluated
in terms of derivatives of x(¢, 1, t), (¢, n,t) through the solution to (2.5). The second partial derivatives of x; (&, #, t) in the
matrix A are obtained as the second derivatives of the solution to (2.1). The components F,, Fs3,F, are similarly expressed

in which the second partials of x; in A are replaced by second partials of x,, 1, v,, respectively. To obtain expressions for
the second partial derivatives of ¢, # with respect to 7, then (2.6) is solved but with y = {‘fyg ,‘;TZZ , ‘Z)% , 0;;’}} . Also, for the com-
2 2 2 2

ponent F; = uAu” of Flet it = % 3% , S’—;; , 3’—]; The matrix A is the same as above for Fy, and the above stated changes to A are

made to compute F,, F3, F4. Thus the coefficient ofé%gl is given as a function of ¢,7 as ("2“ +2 “) = c¢11(¢,n,t) in which the

ov? " 9v2
(Z)Zf; , ‘:);2‘ are expressed through the solutions to (2.5) and (2.6) in terms of first and second partial derivatives
2
of x(¢&,n,t), (f,n, t). One similarly obtains the coefficients c12(&,1,t), c13(&, 1, t),c14(E, 1, t) of the first partials derivatives
P o G in (24).
With the coefficients so derived the initial value problem (2.4) is of the form

quantities

ag Pg og g ity T8
ar Lt +-+ sty +2 ’ PRI e
3t qlc (é n )662 C4(§ n ) ’/’2 CS(é n )aé]BQZ C]O(C n )81718172
og 19)
B 27

g(&n,0) = fo(&n).

In terms of the solution to (2.7) and the inverse transformation (2.3) the solution to (1.1) as an initial value problem in all of
phase space is f(x, v, t) = e2flg(é(x, v, t), n(x, v, t), t).

To solve the initial, boundary value problem (1.1) and (1.2) defined on the domain .4 the periodic boundary condition in ¢
is introduced with the assumption that 0 < ¢;, &, < L. Also, to deal with the infinite domain in # a further transformation of
independent variable is made. Let n(u) = (1,,#%,) such that

Cuy (475)

M=) =—F—, Np=1,h)=—F7—=,
o Jr-w T J1-1

Here c is a positive constant. Let s; (u1) = 1 (1 — u3)*?, s,(u>) = 1 (1 — u3)*’?. In terms of variables &, &, uy, uy, t the Eq. (2.7) is
now put into the form of an initial, boundary value problem for g(¢&;, &, uq,u,,t) given as

-1<u,up <1 (2.8)

2 aZg

8”2

%- q[a (Enw), 025 + ca(é ),

0 og 7] og
o a0 ) g (5100 55 ) + catént, o) 5 (st 52 )

2

g . ’g
T + -+ cro(é n(u), t)sl(ul)sz(uz)m>

+2 <c5(¢7 n(u),t) Wé‘iz + 6 (&, 1(u), t)s1 (1)

(G0 5+ Cralé () 5 craEon(w, 05 ) 5+ eva(e ). s () 1 |

14 &, ouq ou

g(&u,0) =fo(&nw)), g0O,&,ut)=g(L &, ut), g&,0,ut)=g, L ut),

8¢ —-T,up,t) = g(&, 1,up, t) = g(&un, —1,t) = g(&ur, 1,8) = 0. (2.9)
Through expressions of type (2.5) and (2.6) the coefficients ¢y, ..., c14 in (2.9) are obtained in terms of first and second partial
derivatives with respect to &, # of functions

X1 (@'7(“%0, XZ(f,ﬂ(u)J)v ”1(5,’7(“)707 Z/Z(ésn(u)at)' (210)
These functions are the solution to

dx

d_tl 1, X1(0)=¢&

dx: .

(th =1, Xx(0)=¢&

dv

G = Brx(En(), 0.0 pri, wi(0) = my(wn) (2.11)

0 — Ea(x(E (), 0,0 — B2z, 23(0) = My (a).

By periodicity the transformation defined by (2.2) and the inverse transformation (2.3) are now regarded as transformations
from A to Awith A = {(x,v)/0 < X1,X < L,—00 < v1,v; < oo}. In terms of the solution to (2.9) the solution to (1.1) is given as

f(x,v,t) = eg(é(x, v,b), u(n(x, v,t)),t). (2.12)

Here u(n) = (u1(n,), u2(n,)) where uq (1), u2(#,) are the inverses of (2.8), and ¢(x, v, t), n(x, v, t) is the inverse transformation
(2.3). The function f(x, v, t) given by (2.12) is in turn used to obtain the charge density p(x, t). Through the solution to (1.2)
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one then obtains the internally consistent field E(x, t) in (2.11). The system to be solved is thus the Eq. (2.9) for g(¢, u, t) com-
bined with (1.2) for the self consistent field E(x, t). In addition, the coefficients in (2.9) are derived from derivatives of solu-
tions to (2.11).

The derivatives of the functions (2.10) with respect to ¢, needed for the coefficients in (2.9) are obtained by differenti-
ating (2.11) with respect to &, # and solving the resulting system of ODE'’s. There are sixteen ﬁrst partial derivatives with re-

spect to &, #. Derivatives with respect to &, are obtained as follows: let y = [g"; ‘Zijﬁil‘,%] and

00 1 0
0 0 0 1

A= | o o ) 2.13
%o g0 (2.13)
o 0 B

Then ¥ is the solution to
dy=ay. y0)=01,000" 214)

The remaining first partial derivatives of the functions (2.10) are obtained by replacing derivatives with respect to ¢; in the
vector y with derivatives with respect to ¢&,7n,, and 7, and then solving (2.14) with conditions
(0) =[0,1,0,0]", [0,0,1,0]", [0,0,0,1]", respectively. In the matrix A the functions %: bt i,j = 1,2 are evaluated along charac-

teristic trajectories which are the solutions to (2.11). For example, 2 = %1 (x, (&, n(u), t), X2(&, n(u), t), ).

? Xy X1
There are a total of forty second partial derivatives of the functions (2.10) with respect to &, . That is, there are four func-
tions to be differentiated, x4, x;, 1, v, and for each function there are ten second derivatives with respect to &;,&;,%4,1, in
which the order of differentiation is not distinguished. The form of the system for second derivatives is demonstrated by

. . . . . _ 2 2 2 2 T _. .
considering second partials with respect to &;, &, given as follows: let y = [a‘;’]f)‘c,z aalffz ,a‘;ggz ’3(2123‘2 . Then y is the solution to

d
SV =A7+G, y(0)=[0,0,0,0]". (2.15)

Here A is the matrix (2.13) and G = [0,0, Gy, G,]" in which
c. _ PE 8x1> 8x1> L P <8x1 o  ox ax2> +3251 <0x2 (8)(2
Pk \0g ) \0g,) T oxioxy \0E, 08, T 08, 08) T axg \0&) \o&,

G, LB (0% (0% | DB (0% 0%y 0% 0% +3252 AVES
2T o \0e ) \0g,) T oo, \0& 08, 05, 08,) T axg \0& ) \0&)

dx,

In Gy, G, the functions 2, i,j = 1,2 are obtained as solutions to systems for the first partial derivatives of which (2.14) is

repesentative. The second partials of E are evaluated along characteristic trajectories as 0(% = O;XE; (X1(&,n(u),t),
1 1

X2(&,n(u),t),t). The system (2.15) accounts for four second partial derivatives of x(&,n(u), t), v(&, n(u),t),t). The remaining

thirty six second partial derivatives are derived as solutions to nine similar systems for other second derivative combinations

Of 517527’1]7’72'

2.2. Constant magnetic field, B, # 0

If a constant magnetic field is introduced in the x3 direction, i.e., perpendicular to the plane of x;, x, then the electric field
Ein (1.1) is replaced with E + v x B with B the magnetic field. The form of E + » x B in two dimensions is given in the Intro-
duction. For B = (0,0, B,) with B, = b, constant, then E + v x B = (E; + v,b,E; — v1b,0). Thus Eq. (1.1) is replaced with

of

at

Eq. (1.2) remains the same, and the system to be solved is (2.16) and (1.2) along with periodic boundary conditions in x.
The characteristic equations associated with the first order transport part of (2.16) are

dx

dt

+v-Vif + (E1 + v2b,E; — v1b) -V f =V, - (Bof +qV.f), f(x,v,0)=fo(x,v). (2.16)

=v, x10)=¢

=Ei(x(t),t) + bv, — v, ©v1(0) =14 (2.17)

i = BX(0.0) = bvi — fro, 22(0) =1,
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As with the solution to (2.1) the solution to (2.17) is written

x1(t) = x1(&1, 82,1151, 0),  Xa(t) = X2(&q, &2, M, M5 1),
vi(t) = v1(&, &1, My, ), va(t) = v2(&1, &2, 14,1, 1), (2.18)

These functions define the transformation (¢,%) — (x, v) of R4 — R4 with nonzero Jacobian. In fact, the Jacobian for the trans-
formation based on (2.17) is the same as that based on (2.1). Thus the inverse transformation and change of variables is de-
fined as with (2.3). One then exactly proceeds with the development following (2.3) to put Eq. (2.16) into the form (2.7). The
only difference in this reformulation of system (2.16) and (1.2) from that of (1.1) and (1.2) is that the coefficients in (2.7)
depend on the partial derivatives of the solution to (2.17) instead of on the derivatives of the solution to (2.1). With coeffi-
cients based on the solutions to (2.17) the Eq. (2.7) is further transformed to the form (2.9). The characteristic system (2.17)

is written as for (2.11) with initial points v1(0) = 5, (u1) = cu1/4/1 — u2, v2(0) = 1, (uz) = cuz/4/1 — ui.

To obtain the derivatives of the solutions to (2.17) with respect to ¢,# needed for the coefficients in (2.9) the matrix A
given by (2.13) is replaced with

0 0 1 0
0 0 0 1
A=log om g o} | (2.19)

X 0xy
X

With this change one then proceeds with the development following (2.13). Solving the systems of type (2.14) and (2.15)

with the matrix A given by (2.19) then provides the required derivatives of the solutions to (2.17).

The numerical procedure for solving (1.1) and (1.2) is a type of deterministic particle method which is a generalization of
the method given in [28] for the 1-D Vlasov-Poisson-Fokker-Planck system. The approach is to obtain the solution to (1.1)
and (1.2) by means of a sequence of solutions to (2.9) and (1.2). This is done in the following way: given the time interval
[0,T] let T; be such that T/T; =M an integer. The interval [0,T] is divided into subintervals [mT;,(m+ 1)T;] for
m=0,1,...M — 1. Let f(x, v,t) be the solution to (1.1) and (1.2) for 0 < t < T. On the time interval mT; <t < (m+ 1)T,
let t = t — mT,. Then

fx,v,1) = e2Pg(é(x, v,b), u(n(x, v,t),t), tel0,Ty (2.20)

and such that g(¢, u, t) is the solution to (2.9) and (1.2) with g(&,u,0) = f(&,n(u), mTy). If m = 0 then f(x, v,mT;) = fo(x, ). If
m > 0 then f(x, v,mT;) = e*g(&(x, v, T1),u(n(x, v,T1)), T1) such that g(¢,u,t) is the solution to (2.9) and (1.2) for t € [0, T,]
with g(¢&,u,0) = f(& n(u), (m — 1)T,). The numerical method discretizes this procedure. The path of a particle in phase space
is obtained from a discrete approximation of (2.11). In accordance with (2.12) the solution g of (2.9) provides the value of f of
(1.1) along the particle trajectory given by the solution to (2.11). Hence, the charge along the approximate trajectory is deter-
mined at each time step from the solution to (2.9). The Eq. (2.9) is approximated by a finite difference equation which is
solved on a fixed grid by either an iterative SOR type algorithm or by a direct Douglas-Rachford method. To get the coeffi-
cients in (2.9) one solves discretized versions of equations (2.14) and (2.15) for the first and second partial derivatives with
respect to ¢, 7 of a trajectory x(&, n(u),t), v(&,n(u),t). This provides the approximation to matrices Q and A, and the coeffi-
cients are then derived from the solutions to (2.5) and (2.6). The field E(x, t) is approximated by a 2-D particle-in-cell method.
At time t = T, the solution along trajectories is interpolated onto the fixed grid as initial data for (2.9). The solution to (2.9)
for g is restarted and the particle computation is then repeated for the time interval [(m + 1)Ty, (m + 2)T;]. This regriding of
the solution greatly improves the long term stability and accuracy of the numerical method. With some relatively minor
changes the numerical method for solving (1.1) and (1.2) is adapted to the system (2.16) and (1.2). A more detailed descrip-
tion of the numerical method is given in the next section.

3. The numerical method

The description of the discrete method for approximating solutions to (1.1) and (1.2) or (2.16) and (1.2) generalizes to two
dimensions the description of the discrete approximation for the one dimensional system given in [28], Section 2. We will
first outline the method as it applies to system (1.1) and (1.2) and then point out the changes needed to apply the method to
the system (2.16) and (1.2).

3.1. Partition of phase space and time interval

Several domains of definition for functions are defined. Phase space is the (x, ) domain given by
A={(Xv)/0<X1,X2 <L, —0c0 < 01,0, < o0}.
The system (1.1) and (1.2) is defined on .A. The set A4, is defined by
Ao = {(&,m)/0 < &1,& <L —o0 <1y, 1, < o0}
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in which (&, %) are defined by the inverse transformation (2.3) as applied to the problem with periodic boundary conditions.
The points (&,1) € Ay are initial points for the solution to (2.11). The domain Q is defined as

Q={¢u)/0<&,&H<L-1T<u,uy <1}
and such that n, = \/%, N, = \/_ The Eq. (2.9) is defined on Q.

The domain Q is partitioned as follows: given integers Ny, N, let A¢ = L/N,, Au=2/(N, + 1). We define multiindices, i,j,
as i= (i1,i2), j = (1,J2)- Then & = (&, &y,) and u; = (uy,, Uay,) such that
Gy = (11— 1/2)A, &y, = (= 1/2)A¢, i,ip=1,...,Ny, (3.1)
ulJ] = 7‘1 +leu7 uz.jz = 71 +j2Au7 j]7j2 = ]7 e 7NZ/' (32)
Thus the region

B . N N
{(QU)/Og &,8 <L —vj_léuhuz évj_l}

is subdivided into a uniform rectangular type grid with the point (¢;, u;) the center of the i,j “rectangle” on the grid. The
region

N, N,
< <L, - —
{(@u)/o\é],éz\L, T<ujoru; < N,,+10r Ny+1<u10ru2<1}

is the part of Q associated with points at infinity at which the distribution function is zero.
Let ; = n(w) = (17”-1 , ’12J‘2) such that
M =l My, = ey =1 Na (33)
1—uf i 1—-us b
The points (&;, ;) in Q then correspond to points (&;,7;) in Ao.

The partition of the time interval [0, T] is the same as in [28], Section 2.1. Let T; < T be such that MT; =T for a positive
integer M. For a positive integer Ny let At = T;/Ng. Then t, = nAt, n=0,1,...,N, is a partition of the interval [0,T;]. Let
Tm =mT;, m=0,1,...,M and &, = Ty + t, for k = mNg + n. The deterministic particle method is carried out on the time
interval [0, T1] with discrete time variable t,. This involves discretizing Eq. (2.9) and the systems of ODE’s for the particle tra-
jectories and partial derivatives. The reconstruction of the distribution function on the fixed grid from the solution along par-
ticle trajectories is done at times t,, m=1,2,...,M. The actual time of the discrete approximation is given by
ty, k=0,1,...,N; for N, = MN,.

3.2. The deterministic particle method on [0, T;]

3.2.1. The initial data

On the time interval [mTy, (m + 1)Tq], m=0,1,...,M — 1, the solution to (1.1) and (1.2) is obtained by approximating the
solution to (2.9) along with approximations to (2.11) and to equations for partial derivatives of type (2.14) and (2.15). The
initial function for (2.9) is g(&,u,0) = f(& n(u),mT;) where f(x,v,t) is the solution to (1.1) and (1.2). If m =0 then
f(& n(u),0) = fo(& n(u)). It is assumed that [, fo(x, v)dvdx = K. The notation is for x = (x1,X;) then dx = dx;dx, and similarly
for dv. Thus, in terms of variables ¢, 1 and & u then

S 9 m)
Aofo(g-,n)dcdﬂ*/Qf"(én(”))’a(c, w)

S N P

c? c?
¢, u,0 dudV:/ Enu dudé =K.
/Qg(g Saswyra—wr M JoTole VaTerra—wr e

If g(g u, t) is the solution to (2.9) for t € [T, Tm.1], t = £ — T, then let glJ _gll b1 be the approximation to g(¢&,u;, ty),
€ [0, T,]. The initial data at t, = 0 is then denoted gf} . Form=0,n=0, thatis T, =0, t, =0 and £, = 0 let
gu :fo(éi7’/lj)7 i17i2:17"'1NX7 j13j2:11"'7Nv7
with #; = n(1;) given by (3.3). Let

1 0 c? 2
4= e Zgu (AUAE)”.
ij

(1- uf_j])m(l - u§h>3/2

dudé =K.

Therefore for m =0
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Then gu = gu/).. Thus

00 c 2
Zgu (AuAé)? =K
ij

(1- ufj])w(l - u§h>3/2

and the grid function g[" is normalized at f, = O to preserve the L, norm of the initial data or total charge.

For m > 0 the initial function for (2.9) is g(&,u,0) = f(&,n(u), Tm) with f(x, v, t) the solution to (1.1) and (1.2). In this case
the initial grid function g?ﬁ'o is obtained from the regriding process described in Section 3.3. That is the solution computed by
the deterministic method for the time interval [t,,_1, Tn] is reconstructed on the fixed grid at time t,, to provide the approx-
imation to f(&,n(u), Tm)-

3.2.2. The approximation of (2.9), the transformed Vlasov-Fokker-Planck equation
The approximate solution to (2.9) on the time interval ¢ € [Tm, Tm;1] With t; € [0,T1] is g;", n=0,1,...,Ng. If n = 0 then

gf}‘o is given in Section 3.2.1. Let «c¢(i,j,tn),...,C14(i,j,tn) be the approximation to coefficients
c1(&, (W), tn), - -, €1a(&, M(W), ta) in (2.9). For simplicity we let g;;" = gf';. Then given gf; the grid function g”+1 is compute
as follows. We first introduce some notation. Let

(T-uf)” (1= (uy — 58u)°)?

Sij = vl T c ’
(1— (wy, + .5Au)*)*?

1 _ o —
Sij, = c , 1=1,2.

The quantity s;(u;) -2 e, (51 (up) 2 o ) is approximated by

et (Bl Biddy | 0 (Siiydp “8ij1-1dy (<l _ (<1 0 0
Sty [5111< Au ) 5u1< Au S \S1g i, — Syt 81 ) 8id, 51 8idi-1
Au (Auy? '

g
e is

The centered difference approximation to sq(u;) <%
S1ji (814, — Bigy-14)
2Au

The quantities sz(uz) (sz(uz) Og) and s, (uz) (%‘2 are similarly approximated. The notation for a finite difference approxima-
tion to (2.9) is

g ity — 2810y T 8iy-1iri Dg. - 8iiyi1j — 2810y T 8iip-1j
ij = (Ae)? 56ij (Af)z )
DZ 514y (s%,hgf»h +1j, (SlJl + slh )glhh + Sl J1g1J1 112)
u8ij = (Au)
0 0
D? - S2j (5%J2gu1 Jatl T (5;_1-2 + 52J2>giJ1 i 525,81, J2—1>
w,8ij = (Au)2 )
8i 41 8ii—1iyj 8iripi1j — 8irin-1j
Doqgu HWT;W D,. 58 = %ﬁ’”l‘”
Sty (&ij, 1), — 8iji-1j,) 2, (&ij, jys1 — 8ijrjp1)
Doy, &ij = ! ZZAu 2= Dou,&ij = . 22Au b

It is also convenient to define the difference operators for [ = 1,2 as

07 = (A&’D?, o = (Au)’D:, dos = (2A9)Dog, doy = (2AU)Do,,.

<l <’

So, for example, 5¢1gw— =& 1iyj — 284y T &y e
Let ¢, = ¢/(i,j, tn). The grid function g;fj“ is obtained as the solution to the semi-implicit difference equation

gt =g+ th[(ché + CzDg2 + C3DL2,1 + C4DL2,2>§?J-H +2(csDo, Doz, + €6Do .z, Do, + €7D0z, Do,

+¢8Do 5, Dou, + €9Do 2, Do, + €10Dou, Do, ) &1 + (€11Do s, + €12Doce, + C13Dou, + Cl4D0.uz)g?‘j:| (34)
Ifi; = 1theng!t!, . =gy} ifii = Ny thenglt}, . =giil.1fi, = 1then gl =gy  ifi, = Ny theng"! . = gi"|, Thisis
the periodic boundary condition in & If j; = 1thengj;',; = 0,ifj; = N, thengj'},, =0.1fj, = 1theng}} , =0,ifj, =N,
then g} ., = 0. This is the zero boundary condition condmon at g, up="=+1.

Eq. (3.4) can be solved by an iterative procedure which is a direct generalization of the iterative procedure for the one
dimensional Eq. (2.3) [28]. Let r; = At/(AZ)?, 12 = At/(Au)?, p, = At/(2AE), p, = At/(2Au). Then (3.4) is written as



S. Wollman, E. Ozizmir /Journal of Computational Physics 228 (2009) 6629-6669 6637

(1 +2qC,Ty + 20,11 + qC3TaS1;, (s} i+ j]) +qCaT252j, (s} LSS h)) g
=(qc1 (g?ffl_,,»” +g:'11t11,,‘2‘;> +qc,r (g,r:tlﬂj +gﬁt‘;,1‘,‘> +qC312S1, <5}J]g5:1+1‘j2 + S?Jlg?j:l]_jz)
+qC4T282), (S;J’zg?ﬂ_]jﬁ] + ngzg?ﬂ_]jrﬂ +Fj
where Fj; is
Fi, =gl + %q [c5T180.¢, B0, + Cov/T1T280., 0w, + C7/T1T280,6, S0, + Cov/T11280,5, 004, + Cov/T17200.5, S0,y

+C107200u, 004, )81 + q[C11P100.2, + C12P100, + C13P200u, + C1aP200, |81
Let

dij = 1+ 2qc 1 + 2qC,71 + qCsrasy, (S}Jl +5?J]> + qC4T252, <5;J2 +sgh)

then

R (S LA sn+1 qcm (i sh+1 AC3TaS1y, (1 —nt1 0 gn+l
&ij =g i T8i1ii) T g By T8ih1) T g ($15i8ijig, T 51586514,
ij ij ]

qcsraS2j, (1 gni1 0 Hnil 1
T d, <Sz.jzgul.jz+1+52ngfj1jz—1)+I.JFu~

Given gf; the Jacobi method for obtaining g;’ﬁ is the extension to two dimensions of [28], (2.5). That is let h?J = g}, then for
k=0,1,2,...

= a6 (h’-‘ -+ hf > + 300 (h’-‘ -+ hY > 4 45725, (51 h i+ hy )

dij i1 +1,0p.j i1=10pj le iy +1,j 1d2-1j dij Ljp i +1z g1 g1z
qC4r252j2 1 k 0 k 1 n
M (535 jn +535h50) + a, T (3:5)

Letting ||h¥| = max,-J-\th\ and

O(t,) = max Kch] I+ 2qcyr + qesTasy, (S}J1 +5(1)J1) + 412525, (s;j2 + sg_j.z))/d,;j]
then 0 < ©(t,) < 1 and one can readily verify that ||h*"! — h¥|| < ©(t,)||h* — h*"'||. Therefore, the sequence {hﬁfj} converges
uniformly in i,j and lim,Hochf-‘J = ggj“.

The convergence rate of the iterative procedure (3.5) is accelerated by the method of successive overrelaxation (SOR).
Thus, for i; > 1,j, > 1, I = 1,2 then (3.5) is replaced by

(hﬁﬂ,iz.j +h > + ac" (h’-< + K¢ ) +M (sl Rt

Kk+1 _ qc,1 0 k+1
hij = ) +51J1h'

di._] =Ly dij iy +1j i1 ~1j dij i Ui+ 1 ij1=1jz
qC4T2S2j, (1 1k 0 kel 1 .,
t—a (SZJz Mijy iy S2 i, Jrl) +q-Fij (3:6)
ij ij
and
k1 Tket k
hi.j = whi_j +(1- w)hi.j' (3.7

Here w > 1 is the overrelaxation parameter. According to theory in [2] to obtain an optimal « one must determine the eigen-
values, /4, that are the solutions to

qc,m qc,n qC3TaS1j, (. 0
dy (hiv 1 + i) + e (hiviy 1y + i) + 4, (51J1 hiji 1, + 51, hzﬂh—M:)
AC4T252j, (1 0
+ dij : (52J2h7J1J2+1 + sZ.jghi-leé*l) = )“hf,i (38)

The optimal @ for the SOR algorithm is derived from the maximal eigenvalue, Anax, according to the formula [2] (3-113). As
in [28] we approximate the maximal eigenvalue of (3.8) by ©(t,) and compute

2

Wy =—F————.
1+14/1 = (O(ty))?

It is also useful to have a direct method for solving (3.4). The Douglas—Rachford method described in [27] and applied in
[28], Section 2.2.2 for the one dimensional problem can be generalized to the problem in two dimensions. Eq. (3.4) is put into
the form
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(l —qCiT62, — 41167, — qCsTas, — qc4r2532>g{‘j“ =F},. (3.9)
Eq. (3.9) is then replaced with

(1 —qe, 1187, — qc3r25ﬁ]> (1 — qCy11 82, — qeyT2d, )g?jl

= [(qc] r 5§1> (qczrl(S?z) + (qc] r 6§1> <qc4r26u2> + (qc3r25ﬁl) (qczh 6§2> + (qc3r25ﬁl) (qc4r2532)]g,7} +F

(3.10)

The products of operators on the left side at time t,,,1, for example, 'E]?Clrl 5?12 gqc2 r éfz) g?ﬁ. are balanced by the products on
the right side at time t,, for the example (qc1 r 5?1 (qczrl()‘? )g?j. e Eq. (3.10) is equivalent to

(1 —qeyr1 8% — qc3r25§])g;j = (qczrléi +qCyrad;, )gu +F, (3.11)

(l — qczné qc4r25u2)g” =gi— (qczn(i?2 + qc4r25u2>g?J. (3.12)

Egs. (3.11) and (3.12

(l - qquéé)
)

are then replaced with
1—qc;rad, )g,ij = (qcl I 521) (qc3r2531)g{3 + (qczné + qcyra0? >gu +Fp, (3.13)
(1-acn ) (1= qearsdl, )& = (acari? ) (acard?, el + &35 — (acan?, + qcarad}, ) gl (3.14)

Egs. (3.13) and (3.14) are then further divided as

=~ =

(1-aein?, )& = (acsm2y, +acar0?, +acaraor, ) gl + Fiy (3.15)
(1 37282 )g,j = 7<qc3r26ul>g{'j + 8ij, (3.16)
(1-acn?, )&y = —(ac8?, )8l + 3 (3.17)
(1 qearad?, e = — (acar2d?, )l + &1 (3.18)

The Egs. (3.15)-(3.17) and (3.18) constitute the Douglas—Rachford method in the four dimensional phase space. Thus for
each of indices i,,j;,j, the system (3.15) is solved in the index i;. Then given g;; the system (3.16) is solved in j; for each
i1, 12,j,. Given g;; the system (3.17) is solved in i, for each i, j;,j,. Then (3.18) is solved in j, for each iy, i»,j; which gives
the array g;'j”. Egs. (3.15) and (3.17) require periodic boundary conditions in &, &,. Egs. (3.16) and (3.18) require zero bound-
ary conditions at uy, u,=*1.

The solution to (1.1) preserves the L; norm or total charge, that is, [,f(x,v,t)dvdx=K for te[0,T]. For
t e [mTy,(m+1)Tq] and t =t — mT,, t € [0,T4] the function f(x, v,t) is represented in terms of the solution to (2.9) by
(2.20). Therefore, a change of variables in the integral is carried out from (x, v) — (¢,#) and then (¢,7) — (&, u). The respec-
tive Jacobian determinants for these change of variables are |9(x, v)/9(¢,1)| = e~ and |0(&,n)/0(E, u)| = cz/(( )3/2
(1- u%)m). The L, norm in terms of the function g(¢, u, t) which is the solution to (2.9) is given as

" CZ
sut dudé¢ =K
e

For the discrete approximation we let

+1 ¢ 2\2
E Zgn (1- u%J-l)3/2 (1- uﬁjz)m e

and then g"” g 1 ggﬂ /. Thus, the grid function gf}’”” has the property that

c? .
Z g 372 577 (AUAS)? =K.
2 2
(1 —us ) (1 —uzjz)
This renormalization of g;" at each step preserves the discrete L norm of the approximate solution.

As in [28] the iterative SOR procedure is most advantageous for relatively small values of the diffusion parameter, q. This
is because for fixed values of the coefficients cy, ..., c4 the smaller the g value the smaller the quantity ®(t,), and the greater
is the rate of convergence of the iterative procedure. For larger q values the iterative method may converge too slowly, and
the preference can be to solve (3.4) by the direct Douglas-Rachford method.

3.2.3. The approximation of (2.11), particle trajectories
For t; € [0,T1] let (x(&;, n;, tn), v(&i, ;. ta)) be the solution to (2.11) with initial point x(¢&; 11]7 0) = &, v(&,1;,0) = ;. Here

& = (1, &) and 1, = () = (M1j,>M2j,) where My, = Cu]h/\/ uulv MNaj, = 5”212/\/ 1- The approximation to this
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trajectory where i = (i1, 1), j = (j;,j,) is denoted (x(i,j,t,), v(i,j,tn)) = (X1 (i,,tn), -

)

2
)E

(X(i,J, tn), tn

6639

(i,j,ta)). The approximation to the
)). For t, <t<

thi1 the

electric field E(x(&;,1;,tn),tn) in (2.11) is denoted E(x(i,j,tn), ta) = (E1(X(i,j, tn), t
approximate trajectory is obtained as the solution to the system of equations

dx ..

d_t] =v1, Xi(tn) = X1 (i), tn)

d - . ..
T = (0,6, t) — B0, 01(E) = 0(0, )
dx ..

(T; =1y, X(tn) =X2(i.j;tn)

dv, = . ..
dt E ( (l ]7tn)7tn)_ﬁy27 Uz(tn): Uz(l,],tn)

These equations are integrated exactly as in [28], Section 2.2.3. Therefore, the equations for the particle trajectories given in
vector notation are: let x(i,j,0) = &, v(i,j,0) = n;. Then given x(i,j, t,), ¥(i,j, t;) and E(x(i,j, tn), t,) quantities at time t,., are

b))+ (P o)+ (T B ), 319)
. . 1—efnN_ ..
1/(1,17 tn+1) = eiﬂA[v(l-Jz tn) + <T>E(X(la]7 tn)v tn)- (3-20)

3.2.4. Approximation of the first partial derivative equations (2.14) and the coefficients c;,...,Co

For an exact trajectory with initial point x(&;, n;,0) = &, v(&,n;,0) = n; the first partial derivatives with respect to ¢, 1 can
be written ”"’ (gl n;, t), & 7 L&, t), 2 T (g, N> t), gk (&, my,t) with [ =1,2 and k = 1,2. The system for first partial derivatives
with respect to & [0,T¢] are denoted
%(i,j, tn), gT”kl(i,j, tn), 2 e M (15, t), 2 e (i j t,). As in [28], Section 2.2.4 the equations for these quantities are derived by differ-
entiating (3.19) and (3.20) with respect to &, 7. Let ‘7"’ (z J,th) = "”‘L (tn) and similarly with other approximate partial deriva-
tives. At t, =0 let 2(0)=1, [=k 2(0)=0, I~k G-(0)=0, and 5 (0)=0; 51(0) =1, I=k; 5 (0) =0, I # k. Then

Kl (jr’ k) dr’
given the values of j:i( w)y SE(E), S (tn), 5L (ta) the quantities at time t,., are computed as

1 PAN At 1 —eFtN [ BE 01
w0+ () se (55— (8—)(] (X)) 2 (8]

y
My,

is given by (2.14). The approximation to the first partial derivatives at t,

8)([ 8)(1

OF,
ag (trH»] ) af

+ 87( (tn)v tn)_

Ay o it Ay 1-— e*"“) 8_E 23 OE o
e ) = e S0 e 4 (1) St e ) 52 6 + () ) G2 0 (3:22)
6}(1 aX[ 1—e i oy, At 1 —efA 851 0X1 é)EI 0Xy
a],,k (tn+1) 8’7k (tn) (T) a’/’k tn) + <F - T) (8)(1 ( (tn) tn)an (tn) “'W( (tn)7tn)8_,,lk(tn)>
(3.23)

oy, _aar OU) 1- efﬂAt> 6E1 0X1 6El 0Xa

tny1) = e P tn — | 2 (x(tn), tn tn tn), tn tn 3.24
Gt = e M g 4 (27 <8x1(x( D) G (6 g (KE) ) 5 )) (324)

The computation of the approximate electric field, E, and its partial derivatives 9E;/dx,, k,I = 1,2, is described in Section
3.2.6.

Given the first partial derivatives of the approximate trajectory (x(i,j, tn), ¢(i,j, tn)) the coefficients c; (i,j, ts),. .., C10(i,j, tn)
in (3.4) can be derived. This involves approximating the solutions to systems (2.5). Thus, for each i,j at time t, let

05 0% ong Oy
o g oy oy
| oa on omp om
Q=1ow o0 o on (3.25)
9 0& om0y
90, dvy 0y vy
95, 095 ony oy
T —

M Ox (it P . PR : = 24 9% om oy _ T
Here F =32 (i,j, tn) Tand similarly for all partial derivatives in Q Let &; = |5\, 52, deavl] and b; =[0,0,1,0]". Let
= _ [oa 05 om omy no T . .

U = [01,2 VB T E] and b, =[0,0,0,1]". Then u;, 1, are the solutions to
Qi = by, Qiuip =by. (3.26)

Although the notation here is the same as in (2.5) the vectors i, U, represent approximate quantities, whereas, the vector u
in (2.5) represents exact quantities. Solving the systems (3.26) for each i,j at time ¢, the coefficients in (3.4) are: let
a(i,j,tn) =c,=1,...,10, then
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2 2 v 2 2 2 2
¢, _ 9¢ o, _ on, _ 081\ (0%
kz:]: <81}k> ’ - Z <87/k) ’ ((91/k €= kz:]: vy » 6= Z ka (97/1(
2 z 2
_y (92 (om _ Ny (92 (912
)’ e = ; <8Uk> <6Uk » o= Z 6vk OV ’

ﬂ%@) ﬂ%(

_ M\ (9n,
C1o = kzzl: (81},() ((97)k ’

3.2.5. Approximation of the second partial derivative equations (2.15) and the coefficients c;1,...,Ci4

To obtain the coefficients cy1, ..., 14 in (3.4) it is necessary to approximate the second partial derivatives with respect to
&, n of the functions (2.10) which are the solutions to (2.11). There are ten second partial derivatives for each of the four func-
tions of (2.10). The system of equations for derivatives with respect to &, &, is given by (2.15). As representative of the
approximation of the second partials of (2.10) we therefore give the approximation of (2.15). This is done by further differ-
entiating Eq25 (3.19) and g3 20).In (3.21) and (3.22) let us assume k = 2 and differentiate with respect to &;. Then for [ = 1,2
at t, = 0, ;25-(0) = 0, ;74-(0) = 0, and given values of Z(t,), 5L (tn), P4 (¢,), LU (t,) quantities at time t,,; are com-

R 9505, 08108, 9505,

puted as
aff a5 () = % (tn) (#) 8?12 a0+ (5 - %) (gfll i 3(;2;152 )+ e 0?3252 (t“)>
(51 (0 G () e (3 g s )
+ 28 (22) (52) (tn>>, 327)
ot ) = e T (o) 4 (1) (g’f]’un) A () +£<tn>a§f§éz<tn>)
() (G (5) () o (5 2 5 ) o

() (22))

Here Ej(t,) = Ei(x(ty), t,). The computation of the second partial derivatives of E(t,) is described in Section 3.2.6. Expressions
for other approximate second partial derivatives of the functions (2.10) are the same form as (3.27) and (3.28) but with
derivatives with respect to &;, &, replaced by other second derivatives in terms of the variables ¢&;, &, #,,1,. All approximate
second partial derivatives have initial value of zero at t, = 0.

Given the first and second partial derivatives of the approximate trajectory (x(i,j,t,), v(i,j,tn)) the coefficients
c11(i,j,tn),-- -, C1a(i,j, tn) in (3.4) can be derived. This is done by solving discrete versions of the system (2.6). For the indices

ijlet 2% = ‘Zk"z' (i,j,t,) and similarly with the other nine second partial derivatives with respect to &,1 of x,(i,j, t;). Then
c1 1
Pxy Py *x; *x;
02 0505 0Eon D50
Pxq %X, P*x;
o2 050n, 0501,
A] = ’ 2 2
X X
oz oo,
%X,
on

The lower triangular part of the matrix is obtained by symmetry. The 4 x 4 matrices A,,As, A4 are the same form as A; but
with second partial derivatives of x; replaced with second partial derivatives with respect to &, 1 of x5, v, v, respectively. Let

= [F1,Fy,F3,F4] where F;=iAill,i=1,—— 4. Here i = [3713’%,%3%] is computed according to (3.26). Let
V= |:81)21 ((’;‘22 ,”;;72‘ .,‘;;72] Then the vector j; is obtained as the solution to Qy; = —F; in which the matrix Q is given by

(3.25). Let iy = [DC' 9, oy ‘)”2]computed according to (3.26), and F, = [F,F,, F3,F4] where F; = ipAii}, i = 1,——, 4. Let

vy 7 vy Y OV, 7 V!

p: 2 = . . . — = . — — .
Vo = [072‘ ((’)U‘%Z ,907’7%“’8%52] Then y, is obtained as the solution to Qy, = —F,. The notation for vectors y,,y, is the same as for

¥ in (2.6). However, the understanding is that while y represents exact quantities y;,y, represent approximate quantities
computed on the basis of approximations to the first and second partial derivatives of the functions (2.10).
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Having computed vectors y;,y, the coefficients cy1,...,c14 are: let ¢, = ¢(i,j, t,), | = 11,...,14. Then
P Pé o, 2. 9",
b b b C = .
Z ov? Z ov? Z ov? 1 ,; ov2

3.2.6. The approximate charge density and electric field

The description given here is a two-dimensional version of [28], Section 2.2.6. The approximate trajectory
(xX(1,4, tn), v(1,j,tn)), ta € [0,T1], n=0,1,...,Ng is considered to be the path of an element of charge g;; in phase space. This
element of charge is defined as q;; = q;, ;,, j, :f( (i,j, tn), v(i,j, ta), ta) AA;; where f is the approximate distribution function,
and AA;; is a differential of “volume” in four dimensional space associated with the i,j trajectory at time t,. In terms of the
parameters A¢, Au then

c2e 2t (AuAg)
(1—u2, P11 —u

1, 2j;

AAij:

)3/2'

On the time interval [mTy, (m+ 1)T;], m=0,1,...,M — 1 then f(x(i,j, t), v(i,j, tn), tn) = e*/tng™" Thus
ij

—2Btn 2 2 5 n £\2
g — Mg c2e 2t (AUAE) _ c’gi;" (AuAg) _ (3.29)
1 ij 2 3/2 5 3/2 2 3/2 5 3/2
(1 “m) (1—u2J.2) (1_“u‘1) (1—u2h>
A discrete electron charge density resulting from the charge elements q?}‘" is defined as
un (X1 = X1 (1,5, t0))(X2 — Xa (1., tn)) (3.30)

where §(x) is the Dirac delta function.
We approximate the solution to

Ach = —p(x.t) (3.31)
(/)(07x27 ) - ¢(L7X27t), (b(xl!O?t) = ¢(X17L7 t)
by the particle and cell method in two dimensions. For the positive integer N, let € = L/N,,. Then the region [0,L] x [0,L] is

partitioned by a uniform rectangular grid as x;,, = ki€, xox, = ko€ with kq,k;, integers such that k;,k, =0,1,...,N,. For
Y € Ry let w(y) be a continuous function with compact support such that

/ wy)dy =1, > w(y—i) Z — integers.

b icz
Let we(y) =1w(¥). For x = (%1,X2) €Ry let We(X) =We(x1,%:) = Zw(2)w(®2). The grid charge density for electrons

pPe(ty), K= (k1 ky), k1,k; =0,1,...,N, — 1 is determined by

L L L
ph(tn) = / / We(X — Xi) Pe(X, tr)dx = / / We (X1 — X1k, )We (X2 — Xo k) Pe(X1, X2, £n)dXqdxo
0 0 0 0

=@l WeXi (1., tn) — Xk We X2 (i, t) — X, )- (3.32)
ij
This formula can require some modification near the boundary to account for the periodicity, i.e., so that pg, (t.) = Py, 1, (En)

and pg o(tn) = pf, v, (tn). Also, as a result of the normalization of g;" discussed in Section 3.2.2 the grid charge density pK( n)
has the property that

Np—1 Np—1

2 2 i€ =

=0 k=0

As for the background charge, h(x), it is assumed that [0 fo x)dx = K. This is necessary to preserve charge neutrality in
the expression for p(x,t) in (1.2). Let

Np—1 Np—1
<Z thll<17X2k2 )/K

0 k=0

The grid charge density for the background charge is then defined by p(t,) =1 h(x1 k> X2k,) for ki ko, =0,1,... N, — 1,and it
is also assumed that pf, (t.) = p’;,p_kz(tn) and pp o(ta) = p,cl (tn). The discrete function P2 (t,) has the property

> Y pht)e =K. (3:33)
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The grid charge density for the discrete approximation to (1.2) is p,.(t,) = p(ta) — p2(ts). The grid function p,.(t,) has the
property

Thus, charge neutrality is preserved for the discrete problem.
The potential at grid points is then the solution to

¢k1+1,k2 - 2¢k1,k2 + d’lc]—l‘kz + ¢k1,k2+1 - 2¢k1.k2 + Qbkl,kz—l
€2 €?
kiska=0,1,....Ny =1, dop, = Inysys Pry0 = Py, -

Near the boundaries the formula (3.34) is modified by the periodicity. The solution to (3.34) is obtained by solving a linear
system. A constant can be added to a solution of (1.2) and this still gives a solution. Therefore, the solution to (3.34) is ob-
tained for which ¢,,=0. We therefore solve for ¢ 4,, ki,ko =0,N, —1 with the assumption that ¢y, =0 and
ok, = PNpkyr Phy0 = Piy N,

The linear system to be solved for ¢, ,, is as follows: let | = k,N, +k;, ky =0,1,...,N, -1, k, =0,1,...,N, — 1. Let

= _plq.lc2(tﬂ)’ (334)

U = ¢y, 1, a0d P = Py 1, (), [=0,1,... ,N; — 1. We need to determine the vector ® = [uy, ... ,uNﬁfl}. This vector has N; com-

ponents. However, from the previous consideration uo = 0. Thus, the unknown vector to be determined is i = [uy, ..., Uy 4]

with Nﬁ — 1 components. Let p = [p,,..., pN‘zH]. The system to be solved is '
Au=p (3.35)

where A is an (NIZ, - 1) X <N; - 1) coefficient matrix. To obtain the matrix A we consider the N2 x N> matrix B of the form

Ap -1 -1
s | -1 0
0 -1
-1 K I AD

Here Ap is an N, xN, matrix such that Ap(i,i)=4,i=1,...,Np; Ap(i,i+1)=-1,i=1,...,N, —1;
Ap(i—1,i)=-1,i=2,...,Np; Ap(1,N;) = —1; Ap(Np,1) = —1. All other elements in Ap are zero. The matrix —I is
—I = (=1)Iy, where Iy, is an N, x N, identity matrix. Thus, B is a block tridiagonal matrix with the additional block, —I, in
the upper right and bottom left corners. The matrix A is the (Nf7 -1)x (Nﬁ — 1) matrix obtained by eliminating the first
row and first column of B. The matrix B is singular; however, A is nonsingular, and therefore the system (3.35) has a unique
solution. The solution to (3.35) provides the values for ¢, ,, ki,ko =0,1,...,N, — 1, and (kq,k;) # (0,0). By assumption
$oo = 0 and the values ¢y ;,, k2 =0,1,...,N, and ¢, ,, ki =0,1,...,N, are obtained by periodicity.

Having determined ¢, ,, for k;,k, = 0,1,...,N, the electric field at the grid points at time ¢, is determined as follows: for
k;=0,...,.N,—1and k; =1,...,N, — 1 then

E'(K) — E(ky, k) — _<¢k1+1.k227€¢k1—1.k2>.

The exact field E; (x,t) = — % has the property that fé E1(x1,%2)dx; = — fé %d}q = 0. Making use of this property for the dis-
crete problem let k, =0,...,N, — 1 and E{(0,k;) = —Z;:’I”:E'f(kl,kz). Fork; =0,...,N,—1and k; =1,...,N, — 1 then

EL(16) — E (ki k) — _<¢k1,k2+12_€¢k1‘k271>.

Also, as jé E>(x1,x2)dx, = 0 the discrete analogue provides E5(k;,0) = —Z',:’;: E5(k1,k2). The quantities of E7 (k, k2), E5 (k1. k2)

have now been obtained for ki,k, =0,1,...,N, — 1. The values of E},E; are extended to k, =N,, k; =0,...,N, and
ki =Np, k; =0,...,N, by periodicity.

It is also necessary to compute approximate first and second partial derivatives of E(x, t) at the grid points. For [ = 1,2 and
ki,k; =1,...,N, then

k] + 1,’(2) — E?(k] — 1,’(2)
2e ’
El(ki, ko + 1) — E}'(k1, k2 — 1)
2¢ '
k] + 1,](2) — 25?(’(1,](2) +E?(k1 — 1,](2)
62

n n E?(
DlE{ (K) = D]El (k],kz) =

D,E} (k) =

)

En
D3} (o) = 1
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D%E?(K) _ EI (k],kz + 1) ZE (521 kz) +El (k],kz — ])

DiDE} (k) = (EMky + 1,k + 1) — EMNky + 1,k — 1) — EMNky — 1,ky + 1) + ENky — 1,ky — 1)) /(4€2).

These formulas are modified by the periodicity to obtain the values when k; = 0 or N, or k, = 0 or N,,.
The approximate field E(x, t,) = (E;(x, t,), E2(x, t;)) and the first and second partial derivatives of E are defined as contin-

uous functions of x as follows: let 31" ) = Zk, oZkZ then for [ =1,2

Ny Ny

Ei(x,ty) = GZZE” (X —X) =€) ZE, (K1, ka)We (X1 — X1k, )We (X2 — Xa,), (3.36)
k1=0 k=0
6E, *,tn) _ 2ZDlE" YWe (X — X,),
k=0

aE[ X, tn 2

oy ZDzE” We(X — Xy, (3.37)
OEi(x, ty)
#7 ZZDZE, IWe(X — Xy),
OEi(x, ty)
# €2 ZDZE” (X = Xy), (3.38)

aE,xt,, & n
i = ZDDZE K)We(X — X,o).

The particle to grid assignment function w(y) that is used is the quadratic spline described in [28], Section 2.2.6. This function
is of class C' and is given as

1G+y)° —2<y<—4
e I A AT
wy)=¢F o EnT (3.39)
1G-¥)7" 1<y<3
0, vl>3
With w,(x) constructed from w(y) given by (3.39) then in the formula (3.32) a charge q " is distributed to the nine nearest

grid points. Similarly the field at a particle position which is obtained from (3.36) is derlved from the field at the nine nearest
grid points.

3.3. Regriding the solution

At the time 75,1 = (m+1)T;, m=0,1,...,M — 1 the solution along particle trajectories is interpolated onto the fixed
grid given by (3.1) and (3.2). This provides a new initial function for (3.4). The particle method described in Section 3.2 is
reinitialized with t, = 0, and the particle computation of Section 3.2 is repeated for (m + 1)T; < t, < (m + 2)T,. We gener-
alize to two dimensions the method of [28], Section 2.3 so that the regriding preserves the total charge, momentum, and
kinetic energy of the solution.

At time Tp.1 = mTy + ty, = (m + 1)T; then the {',j’ trajectory has coordinates in phase space (x(i',j, ty,), #(i’.j', t,)). Phase
space is the set A defined for (1.1). This point in phase space corresponds to a point (& u) in Q where
E=(&,&) =x(j tn,) = (X1 (7. J tn,). %2 (i',J, tn,)) and @t = (i1, i) with

- vl tn,) i = vy (i thy)
e+ (n(lf,ty,)) &+ (02l f, ty,))

The element of charge along the i',j' trajectory at time ty, is q, Ns as given by (3.29). Referring to the partltlon of Q given by

(3.1) and (3.2) it is assumed that there are indices i = (11,12) ] = (jy.Jp) such that &;, < & < &40, &y < &3441 and
Uy, < Uy < Upj 4, Uzj, < Uy < Upjiq. The charge qm N gets distributed over thirty six points of the partition on. This is done
in the following way. First, ¢ is contained in the rectangle {(&,&)/&, <& < &irts Sopy < & < &gy} Let

Py = (& —&14,) /A py =1 —py; do = (& — &y,)/AE, di =1 —do. Then let wy, ., = p,cld7€2 Ki,Ky =1,2. Let a=4q;; MmN The
charge q is distributed linearly to the corner points of the rectangle. The charge at (&y;,,&25,) 1S 44, at (14,41, gz_,z) is gy 1,

at (&4, ¢2441) 1S Gy, At (&14,415 E24y41) 1S G,. These charges are q;; = w114, o1 = W2,1q, 412 = W24, G5 = W22(. Stated
more concisely let xi,k; = 1,2. Then the charge q,, ,, given by ¢, ,, = Wy, «,q is located at ¢ coordinates given by

(él o 1, & oyt — 1) We note that ZM 1Z,c2 1q;<1 Ky q.

Ko K
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Each of the four charges q,., .,, K1,%2 = 1,2 is then distributed over nine points in velocity space (the u domain) so as to
conserve the total charge, momentum, and kinetic energy associated with the approximate distribution function. Let
(U1, U2k,) be these points for indices ki, k; to be specified. It is assumed that u;j < Uy < Uyj 41, Uzj, < Uz < Uzj,1. Let
by = (1 —uyy,)/Au, by = (U —uyy,)/Au. Let Ky be the set of k; indices. If 0 < by < .5 then Ky = {j; — 1,j;,j; + 1}, ie, k
has values j; —1,j;,j; + 1. If .5 < by <1 then K; = {j;,j; +1,j; +2}. Let K, be the set of k, indices. If 0 < b, < .5 then
Ka={j,—1,jyJo+1}, if 5<by<1 then K;={j,j,+1,j,+2}. Let us consider the charge gq,, ,, at
(&1 11,15 €24y 41p-1), K1, K2 = 1,2 and determine how the charge is distributed over points in velocity space. For each
ki € Ky and ky, € ICy then point (E1iy4101-1> C2ip 410y 15 Utk » U2 ky) € Q corresponds to a point
(Criyerr-15 E2iytr-1, My s M2k, ) € Ao such that

ClUy k, ClUy k,

Mty = e 1y, = -
1— (ug,) 1— (uzg,)

Let I; =1,2,3 count the indices in X; in ascending order. Let us consider the case for 0 < b; < .5. Then [, =1 refers to
Ji—1, Lk =2toj,, I =3 toj; +1.Lety, =y, 4y, . h =1,2,3. Then y,,7,,y; are the charges distributed to points in Q with
coordinates u;, and with coordinates u,;, unspecified. The quantities y,,7y,,7; are obtained by multiplying q,., ., by the

weight quantities y;,y,,ys. Let o= (01, 02) = (011§, t,), v2(i',j, tn,)), the v coordinates of the charge Q:qTJing. For
0 < by < .5 the weights y,,y,,y; are obtained as the solution to

ity +ys=1

NyjaY1 + M1, Y2 + M1 Y3 = 1 (3.40)

(’71J171)ZY1 + (M, )y, + (’71J1+1)2J’3 =7

If .5 < by <1 the quantities 1, 1,7, 11;,.1 in (3.40) are replaced with 1,7y 41,11, 42
Each charge y,, s =1,2,3 now gets distributed to points in Q according to the coordinates u,y,. Let us assume
0 < b, <.5then K, = {j, — 1,j,,J, + 1}. Let y, |, =z,7, . Then for I = 1,2,3 p, ,, is the charge distributed from y, to grid
points (uj, ,Uz2k,) With k; fixed and k, = j, — 1,j,,j, + 1, respectively. The weights z,, are obtained as the solution to
Zi+z+z3=1
Najy—121 + N3 ,22 + 13,1173 = V2 (3.41)
2 2 2 -
(M2j,-1)"21 + (May,) 22 + (Maj,01) 23 = Z3
If .5 < by <1 the quantities 17,5, 1,7,j,, 12,1 in (3.41) are replaced with 17,75, .1, M2, 42+

The redistribution of charge g = q?}:{vﬁ located at (¢,1) € Q is summarized as follows: let m;,m, be indices such that if
0<b; <5 then m =2, if 5<b; <1 then my =1, if 0<b,<.5 then my=2, if 5<b; <1 then m, =1. For
K1,k =1,2, 11 =1,2,3, , =1,2,3 the charge q is distributed to points in Q given by

(E1iy ey -15 E2ip iy 15 Uty 4y —my » U2y ly -y ) - (3.42)
The distribution of charge to the (¢;, &) coordinates is determined by the weights w,, .,. The distribution of charge to the u,
coordinates is determined by the weights y, ,I; = 1,2,3 given by the solution to (3.40). The distribution of charge to the u;

coordinates is determined by the weights z;,,I, = 1,2,3 given by the solution to (3.41). Let o;;(i7, j) be the charge contributed
to the i,j grid point in Q from the charge q = q:“JNg Then the charge apportioned to the grid points given by (3.42) is

Oy 16y — iy iy —1 jy +l —my o+l —my (i/:j,) = (WKI,szllzlz)q'
Summing the quantity o;;(i’,j/) over all trajectories gives the total charge assigned to the i,j grid point in Q, that is,
qii? =Yg poui(ig). Let
c2(AEAU)?

(1-u2, P21 - u%h)s/z

da; = daj j, =

which is the differential of “volume” associated with the i,j grid point in Q at t, = 0. Then g[}"'® = g[3"'/da;. The grid func-

3]
tion gf}""* is then the initial data for (3.4) for the time interval [(m + 1)Ty, (m + 2)Ta].
The grid function g{_’}*"o has the property that

DI S ik Lk
7 (= )P -3, )2 G (-, )PP -3 )P
1,80 0c (AgAu)? vi(i.j, tn, )81 2 (AZAu)?

iZj (1 -3, ) (1 -1, ; (13,2 —u3, )
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15,80 0 (AZAu)? va(i,j, tu, gl * 2 (AZAU)?

g 1- u%J (1 - u%J2)3/2 = ; 1- u%J] 22— ugh)m )

3 O 1y e °c2(A&Au>2:Z (1.4, 00,))° + (220, ) Mgy (ALAW)*

(l_u%h)a/z(] 2 )7 (1—U%J1)3/2(1 2 )

ij 2y ij 2j;

Thus, the regriding process preserves the total charge, momentum, and kinetic energy associated with the approximate dis-
tribution function. The purpose of the regriding for the present two-dimensional problem, as well as in [28], is to improve
significantly the long term stability and accuracy of the numerical method.

3.4. The solution on the time interval [0, T]

For t € [0, T] the solution is represented here as in [28] by the electrostatic energy, kinetic energy, and free energy. For
computations where the constant magnetic field is applied an additional quantity, the angular momentum, is introduced.
This quantity clearly demonstrates the effect of a nonzero external magnetic field. Referring to the solution of (1.1) and
(1.2) the electrostatic energy is defined as

ese(t =5 / / |E(x,t)] dx_z/ / [(E1(x,8))” + (Ea(x, £))%]dx; dx,.

For A the domain of (1.1) the kinetic energy is
ke(t) = / W2 (x, v, E)dydx:j / (07 + 2)f (x, v, Bidvdx. (3.43)
A A
The entropy of the system is given by

ent(t /fx v, t)n(f(x, v,t))dvdx.

As stated in [8] the free energy, FE(t), is then defined as
FE(t) = ese(t) + ke(t) — q/pent(t). (3.44)

For mT; <t < (m+1)T; and t = — mT, then as given by (2.20) f(x, v,f) has the representation f(x, v,t) = e?*'g(¢(x, v,t),
u(n(x, v,t)),t) with g(¢, u, t) the solution to (2.9). In terms of the function g(¢&, u, t) then

ke® =5 [ (v(En(w.0) g0 ¢ dudz
2 oM VB 1 g

) 2
:% / [(01(&.m(u), 0) + (22(& (W), )18 (&1, t) - u%)a/ﬁ(l “a" dudc

and
2

dudé.
(1-w3)*2(1 - u3)’”?

ent(t / g(é.u, t)n(eg (¢ u,t))

The Jacobian determinants for this change of integration variables are stated toward the end of Section 3.2.2.

The discrete versions of the kinetic energy and entropy are computed as follows: let t; = T, + t, where 7,, = mT; and
ty =nAt form=0,1,...,M; n=0,1,...,Ng; and k = mN; + n. Then in terms of approximate trajectories computed accord-
ing to (3.19) and (3.20) and the normalized solution to (3.4)

_ N c2(AEAu)?
ke(te) = > (v(i.j,ta))’g}" 2/2g ) 32
¥ (1-u3;) (1 - 242)
N N 2(A¢Au)?
_ Z [(7}1 (l,], tn))Z + (Uz(l,], tn))Z]g:‘i‘;n (3/2’ ) 3/2 (345)
ij (1 N u%h) (1 B u%‘jz)
and
c2(Achu)?
ent(t,) = g’”"ln e?finglhih ’ o
=2 (¢s1)") (1w, (1-13;)"”



6646 S. Wollman, E. Ozizmir/Journal of Computational Physics 228 (2009) 6629-6669
The electrostatic energy is computed from the electric field at grid points, EY(k1, k2), E5(ki,k»), obtained in Section 3.2.6. For
k1,kz :O,‘l,.A.,pr‘l let
E'{7av(k1,l<2) = (E{(ki, ko) + E{(k1 + 1,ka) + Ej(k1, ko + 1) + E] (k1 + 1,k + 1)) /4,
Eg,av(k1 s kz) = (E;(kl s kz) + Eg(’ﬂ + ], kz) + E;(k] s kz + 1) + Eg(lﬁ + 1, k2 + 1))/4
Then

=

p—1 Np—1

37 Y TIE s (ki ka)) + (B3 g, (ke k2))) €. (3.47)

10 ky—0

NO| =

ese(fy) =

=~
=~

The discrete version of the free energy is
FE(ty) = ese(ty) + ke(ty) — q/pent (). (3.48)

3.5. Nonzero magnetic field

We outline the modifications needed to apply the numerical procedure of Sections 3.1-3.3 and 3.4 to the system (2.16)
and (1.2) with B, = b # 0. The main change to the numerical procedure to deal with B, a nonzero constant is that the char-
acteristic system of equations is now given by (2.17) rather than (2.11). This changes the approximation of particle trajec-
tories, Section 3.2.3, the approximation of first partial derivatives, Section 3.2.4, and the approximation of second partial
derivatives, Section 3.2.5. The remainder of the numerical procedure is essentially the same as for the case where B, = 0.
We modify the relevant sections of the numerical method of Section 3.

3.5.1. The approximation of (2.17), particle trajectories
The approximation to the solution of (2.17) which is denoted (x(i,j, t,), (i,j, t,)) is now obtained as the solution to

d ..

% =1, Xi(tn) =x1(i,],tn)

d - i j
% =E1(x(i,j,tn), tn) + bva — Bo1,  v1(tn) = v1(i,j, tn)
dx ..

th =1y, Xo(tn) =X2(i,j,tn)

dl/z = s . i,j
= BX(j. ), t) = bvr = fva, va(ta) = v2(i.J, ).

With E;, E; having fixed values at time ¢, this system can be integrated exactly for t, < t < t,.4 to provide trajectory values at
time t,.;. Let /. = (8,b), |4* = p> + b* and

di(At) = e "tsin(bAt), dy(At) = e PAcos(bAt),
1 1
ds;(At) = W [bd: (At) + B(1 — da(AL))],  da(At) = W [b(1 — dz(At)) — Bd: (AL)],
A
1 1
ds(At) = F [B(At — d3(At)) + bds(AL)],  d(At) = g [b(At — d3(At)) — pds(At)].
A
Eet (X] (1/17 0)7X2£ivj7 0)) = (51,i1 ) éz,fz) and (1/1 (i7j7 0)7 (%) (17]‘ 0)) = (’/I‘l,h s 172]2)' Given X1 (17]* tﬂ)rxz(ini*, tﬂ)> 4] (i7j7 tn)7 7/2(1.,_]., tn) and
E1(x(i,j, tn),tn), E2(x(i,j,ts),t,) quantities at time t,,; are computed as follows: let x,(i,j, t,) = X,(tn), i(i,j,tn) = vi(t,) and
El(x(i1j7 tn)7 tn) = El(tn)7 I= 1a 2 then

X1(tns1) = X1 (tn) + d3(A) V1 (t) + da(Ab) V2 (tn) + ds(ADE; (t,) + ds(Ab)Ex(ty), (3.49)
V1(tnar) = da(At) vy (tn) + di (AL 02 () + d3(A)E; (t) + da(A)Ey(tn), (3.50)
Xa(tni1) = Xa(tn) — da(At) 01 (tn) + d3(A) 3 (tn) — ds(AL)E; (tn) + ds(At)Ex(tn), (3.51)
V3 (tnsr) = —d1 (A vy () + da(Ab) 02 (tn) — da(ADE; () + d3(Ab)Es(ty). (3.52)

It can be verified that when b = 0 the trajectory formulas (3.49)-(3.51) and (3.52) become (3.19) and (3.20).

3.5.2. Approximation of the first partial derivative Eq. (2.14) with (2.19) and the coefficients cq,...,Cg

The first partial derivatives of the functions (2.18) with respect to ¢, # needed to derive the coefficients in (2.9) are ob-
tained as solutions of systems of the type (2.14) in which the matrix A is given by (2.19). The approximation of these quan-
tities follows the development of Section 3.2.4 except now one derives the equations for approximate first partial derivatives
by differentiating the equations (3.49)-(3.51) and (3.52) with respect to ¢&,7. For I=1,2 and k= 1,2 the values of
% (0), g—”k’ (0), GTXL (0), g—n”i (0) are as in Section 3.2.4. First partial derivatives with respect to &, k = 1,2 are obtained as follows:

given the values of 5 (t,), G2 (ta), 52 (tn), %(tn) the quantities at time t,,; are computed as
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e (te) = S (6) + da(A0 2 >+a4<m§;’2<n>+a5<m>{g—f;un)g’g;m+§—§;<fn>§—’g<rn>}

()22 1) 2 g £ D | 353)
S (tn) = da(80) 52 () + (80 S22 (6) + A1) {‘;f (6 G >+§i(n>‘;’gi<rn>}

(o) |22 1) B 1 §§2<rn>§§2<tn>] (354)
G (E0) = S22 (6) — da(A) 2 (1) + o (A0 522 6) - de(AoBEj( )22(&)%2(&)2’2(%)}

+ds(At) -g—%(tn)gg( )+gi2 (tn)gzi(tn)-, (3.55)
G (tn) = ~r (A0 S 8) + da(80) 52 (1) — da() Bﬁ () 2 () + O ) O m]

(o) |22 1) B 1 4 2 22| (3.56)

The equations for computing the approximate first partial derivatives with respect to #,, k = 1,2, are obtained by replacing
& with 7, in (3.53)-(3.55) and (3.56).

To derive the coefficients ¢ (i, ], tn), - . ., C10(i,], tn) in (3.4) the matrix Q given by (3.25) is formed on the basis of first partial
derivatives computed from equations of type (3.53)-(3.55) and (3.56). The systems (3.26) are solved for vectors iiy, ti,. The
coefficients cq,...,cyo are then derived precisely as is done at the end of Section 3.2.4.

3.5.3. Approximation of the second partial derivative Eq. (2.15) with (2.19) and the coefficients c1i,...,C14

The second partial derivatives with respect to ¢, 7 of the functions (2.18) are needed for the coefficients ¢y, ..., c14 in (3.4).
The second partial derivatives are obtained as solutions to systems of type (2.15) with the matrix A given by (2.19). The
approximations of these quantities are obtained by further differentiating the Egs. (3.49)-(3.51) and (3.52). As representative
of this approximation we compute the second partial derivatives with respect to &, ¢,. Let k = 2 in (3.53)-(3.55) and (3.56)
and differentiate the equations with respect to &;. At t, =0 %, (0) =0, ] (0) =0, I =1,2. Then given the values of

%(tﬂ)7 ’)”‘; (tn), df{’,‘iz (tn), -2 %o mz (tn) quantities at time t,,; are c’otl);ll;:ﬁted Let o
Rt = 226 20+ 21 0 0%
Roi(tn) = g—ff(m%(tn) +2—f§(m)%(tn>,

We note that Ry;(t,) = Res(x(i, ], tn),
(3.49)-(3.51) and (3.52). Then

tn), k,1=1,2,i.e., these qualities are evaluated along particle trajectories computed from

%% %% & P,

m(t,w]) 851862 (tn) + d3(At) aé]av (tn) + d4(At) PR (()fz (tn) + d5(At)R1 1(tn)

+ ds(Af)Rz 1 (tn) + d5(At)R1_2(tn) + ds(At)Rzlz(tn),

Por_, dy (At £+ dy(an) 222
DU (tyr) = () () + b (A0 5 2 (1)
+ dg(Af)Rl 1(fn) + d4(At)R2 1(tn) + dg(At)Rl 2(fn) + d4(At)R2_2(tn),
X, L Ox Pv v,
M(tnﬂ)*aé]aé( n) — d4(At)6518* (tn) + ds3(AL) 1862( n) — ds(AL)Ry 1 (tn)
+ds(ADR21 (t) — ds(AtR 2 (tn) + ds(A)R2,

(3.57)

(3.58)

(3.59)
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82 1%} 82 8 (%]
m(tn-ﬂ) —di (A) 3z, 852 (tn) + d2(Al) 555 92,05, (tn) — da(At)Ry 1 (tn) + d3(At)Ry1 (tn)
— da(AD)Ry () + ds(ADRs 2 (£). (3.60)

The equations for the other approximate second partial derivatives of the functions (2.18) are of the same form as (3.57)-
(3.60) with derivatives with respect to &;, &, replaced with other second derivatives in terms of &;, &, %, 17,. The computation
of the approximate electric field E;(t,) = E;(x(i,], t,), t,) and its first an second partial derivatives follow exactly the procedure
of Section 3.2.6 in which the discrete charge density (3.30) is now based on approximate particle trajectories computed
according to (3.49)-(3.51) and (3.52). It can be noted that the”volume” element AA;; and charge element q"}" have the same
expression here as in Section 3.2.6. This is because the transformation of R4 defined by solutions of (2.17) has the same Jaco-
bian as the transformation of R, defined by solutions of (2.11).

To derive the coefficients c11(i,j, tn), - - ., C14(i, ], tn) in (3.4) the procedure of Section 3.2.5 is followed to compute the vector
quantities ¥, y,. In computing these vectors the matrix Q is formed from first partial derivatives computed in Section 3.5.2.
The matrices A;, i =1,...,4 are formed from second partial derivatives computed from equations of type (3.57)-(3.59) and
(3.60). The coefficients cy1,..., 14 are then derived from the formulas at the end of Section 3.2.5.

3.5.4. The solution on the time interval [0, T]

For B, # 0 some modifications are also needed for Section 3.4 which are now given. With the nonzero magnetic field in-
cluded expressions for the kinetic energy and electrostatic energy are the same form as in Section 3.4. The approximation of
the kinetic energy is given by (3.45), the approximate electrostatic energy by (3.47). As defined in [8] the free energy is
FE(t) = U(t) — q/pent(t) where U(f) is the total energy and ent(t) is the physical entropy of the system. The energy in the
magnetic field is included in U(t). Thus

Uu(t) = /|v|fx7/tdvdx+2//|Ext\dx+2//|Bzxt|dx

As B,(x,t) =b and 1 [ [~ |B,(x,t)[*dx = (b’L?)/2 then U(f) = ke(f) + ese(t) + (b’L*)/2. The expression for the free energy is

FE(t) = ke(t) + ese(t) + (szz)/Z q/pent(t). The approximation to the physical entropy is computed from (3.46). Thus with
nonzero magnetic field

FE(ty) = ese(ty) + %szz + ke(ty) — q/pent(ty). (3.61)

In computing quantities (3.45)-(3.47) the particle trajectories are computed according to Section 3.5.1. The grid function gf’J‘.’"
is obtained from the solution to (3.4) with the coefficients derived on the basis of approximate first and second partial deriv-
atives computed according to Sections 3.5.2 and 3.5.3.

In approximating the system (2.16) and (1.2) with B, = b # 0 it is useful to include the angular momentum as an addi-
tional quantity representative of the solution. The angular momentum is defined as

ang(t) = /A(x1 vy — X 01)f (%, v, t)dvdx. (3.62)

This quantity clearly distinguishes the solutions for which B, = b # 0 from those for which B, = 0. This is demonstrated with
some computational examples in Section 4.

For ty = Tp +t, with 1, =mT; and t, =nAt, m=0,1...,M; n=0,1,...,N,; and k=mN,; +n the approximation to
angular momentum is denoted ang(ty). Following the expression (3.45) for ke(f;) one can consider computing ang(ty) as

2 2
ang(B) = (61 (60) 22 60) — Xa () iy (60— oM
a (1-ut) (1-1,)

Here x(t,) = x(i,j,tn), vi(tn) = v1(i,j,tn), |=1,2. The problem with the formula (3.63) is that the expression
x1(i,j, tn) 2 (1,4, tn) — X2(i,J, tn) v1(i,j, t,) becomes discontinuous as the x,(i,j, t,) components of a trajectory cross a boundary
x; =0o0rx; =L, x; =0orx; =L and by periodicity re-enter the domain at x; = L or x; = 0,x, = L or x, = 0. As a result of this
discontinuity the quantity ang(t,) is not easily computed according to the formula (3.63).

For an alternative way to compute the angular momentum let

/ / nf(x, v,t)dvidy,, GH(x / / vof (x, v, t)dvrdo,.

(3.63)

Then

ang(t / / 06 () — X0 (X)) dx: . (3.64)
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Considering ang(t) in the form (3.64) then {; (x), {;(x) are approximated by the particle-in-cell method in the same way that
the electron charge density is approximated in Section 3.2.6. Thus, given the approximate trajectories (x(i,j, tn), v(i,j, tn)), tn €
[0,T;], n=0,1,...,N; and charge elements q?}'” given by (3.29) then the discrete velocity moments can be defined forl = 1,2
as

zl(’ﬁ tn) = Z U](Lj, tn)q;j‘.né(xl —X1 (i7j7 tn))é(XZ - XZ(isL tﬂ))
ij
The uniform rectangular grid and particle to grid assignment function w(y) are as in Section 3.2.6. Velocity moments on the
grid at time t, are then defined for I = 1,2 and x = (k1,kz), ki,k =0,1,....N, — 1 as

&k ko) / / Wex = X)X tr)dx = 37 21, ) Wel (., ) — X1 We (o, ) — Xa,).
ij
Quantities (' (ki,k2), k2 = Np, k1 =0,1,...,N, and k; = N,, k; =0,1,...,N, are obtained by periodicity. Thus {} (kq,k,) are
defined at the grid points of Section 3.2.6 given by X, Xok,, k1,k2 =0,1,...,Np.
Let € = L/N, as defined in Section 3.2.6. For ky =1,...,N,, ko =1,...,N, let X1x, = (k1 — .5)€, Xa4, = (ko — .5)€ and for
1=1,2

Ola(K) = Glap(ki ko) = (G (ki — T, ka = 1) + { (ki = 1,k2) + (' (ke ko — 1) + (G (K, k2)) /4.
Then

Np ~ Np

ang(te) = Y Y Rty (3 4y () = Rty {4, (K)) €2 (3.65)

k=1 k=1

3.6. Summary of the numerical method

This section summarizes the numerical procedure in two dimensions similarly to [28], Section 2.4.1 for the one dimen-
sional problem. For positive integers Ny, N, let A¢ = L/N,, Au=2/(N, + 1). For multiindicies i = (i1, i) and j = (j;,j,) then
the domain Q is partitioned as

Gy =1 — DAL &y = (- 1AL iy, =1,... Ny,
Uy, = -1 +j1ALl, Uz, = -1 +j2AU, j17j2 = 17-~ . ,NU.

For (&, 1) € Q there corresponds (&, 1;) € Ao such that 1; = (1;,,1,,,) and
Cly j, Cuyj,

My, =—F7—, Mm=—F—7—-
! 1/1—u%J1 NAE

For the partition of the time interval [0, T] let T; > 0 be such that T/T; = M an integer. Thus [0, T] is divided into M subin-
tervals of length T,. For positive integer Ng let At = T;/Ng. Then t, =nAt, n=0,1,...,Ng; T =mT;, m=0,1,...,M; and
ty = Tm + t, for k = mNg + n. The time t, is the partition of the time interval [0,T;] for the particle method, the regriding
is done at times 7, and ¢; is the actual time of the discrete approximation.

For positive integer N, let e = L/N,. The partition of the region [0,L] x [0,L] for the particle-in-cell computation is
X1, = Ki€, Xop, = ko€, k1,ka =0,1,... N,
The numerical method proceeds as follows:

(1) atm=0, n=0, thatis 7, =0, t, =0:

cuyj, Cllyj, ;1 v C2(AUAE)?
’ K - M) 3/2 3/27
V-, 1=, T (1) (1-,)
and g{° = g%,/ Here K is the L, norm of fo(¢, 7).
(2) At m>0,n=0, that is 7Tm=mTy, ty = 0:x;(0) = &, v;;(0) =1n; where & = (&4, &y,), ;= (My,,Mpy,)- For
Lkz],Z,%(l,j,O):L I=k2(i,j,0)=0, I #k; 22(i,j,0)=0; 2(i,j0)=0; 22(i,j 0) =1, [ =k; 2%(i,j,0)=0, | #

g?] :fo(éia’/’(uj)) :fO él,ilvéz,iza

? 0 ek ? ony My My
k. For the coefficients ¢y,...,c;0 of (34) cc=1,¢4=1 and ¢ =0 k=1,2,5-—,10. For
1=1,2; 0<11,12,51,52 <2, 1 +T2 +51 +55 =2, m(lj 0) =0, Mﬁ( j 0) =0, coefficient ci1,C12,
C13,C14 = 0. The values ofg are given from (1) if m = 0 and from (4 (4) if m > ‘0. The i,j charge is
qm,O _ gm,O Cz (AUAé)Z
ij ~ Sij 32 32"
VT - ) i)
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(3) For given time 7t,=mT;, m=0, 1, ...,M—=1: For t,,n=0,1,...,.N,—1 we assume values for
.. .. P E .. .. 2 ..
81" X0 ), W, ) 2 (1 ) G2 (L ) Gt (1 ) G (1 ), KL= 1,25 €a (i) Crobfi )i Gty (1, ),

m(l Jotn), [=1,2, 0<11,12,51,52 < 2, 11 + T2+ 51+ S2 = 2; c11(i,j, tn), . ., C1a(i,j, tn); and q?}‘”. The solution

to the Poisson equation is approximated by the particle-in-cell method of Section 3.2.6. The background charge is

normalized according to (3.33) so that charge neutrality is preserved. At the particle positions the electric field,

Ei(x,t,), | = 1,2 is obtained from (3.36), the first partial derivatives, %(X, tn), k,I = 1,2, are obtained from(3.37), the

second partial derivatives (,,f,zifis (x,tn), I =1,2, r,s=0,1,2, r +s =2, are obtained from (3.38). For t, = mT;+
1 2

tp, k = mNg +n, the values ese(ty), ke(ty), FE(t;) are computed according to (3.47), (3.45) and (3.48). The quantity

ang(ty) is computed from (3.65) for problems involving B, = b # 0. Then at time ¢, 4

(i) g”J“ is computed by solving (3.4),

C2(AuAZ)?
Zgnﬂ .
K u%h) Y (1 u%Jz

3/27
)/

and gfi"™! = g?j“//l.

(i)  x(i,j,tni1), v(i,j,tn.1) are computed from (3.19) and (3.20) if B, =0 or from (3.49)-(3.51) and (3.52) if
B, =b+#0.

(iii) %(i,;; tn+1)7g—§k’(i7]’7 tm),;’%(i,J, tm),;’,’;’; (i,j.tns1), k,1=1,2 are computed from (3.21)-(3.23) and (3.24) if B, = 0
or from equations of type (3.53)-(3.55) and (3.56) if B, = b # 0. Systems (3.26) are solved for each i,j and coef-
ficients c¢1(i,f, tns1), - - -, C10(i,J, tns1) are computed.

. 92X P v
(iv) W(u,tm) m(z] thi1), 1=1,2,0<11,12,51,52 < 2,11 +T2+S51+S, =2 are computed

from equations of type (3.27) and (3.28) if B, =0 or from equations of type (3.57)-(3.59) and (3.60) if
B, = b # 0. Coefficients c11(i,], tni1), . - -,C14(i,j, tnr1) are derived according to the procedure of Section 3.2.5.
(v)  The charge at the i,j trajectory is

qm n+1 _ gm n+1 CZ (AUA‘):)Z
ij ij (.1 _ u% )3/2(-1 _ u%‘lz)3/2
(4) Forn=Ng, ty, =Ti:
For givenm=0,1,...,M — 1 then t, = mT{ + tn, = (M + 1)Ty = Ty With k = (m + 1)N,. Following the proce-

dure of Section 3.3 the solution along particle trajectories is interpolated onto the fixed grid in Q given by (3.1)
and (3.2). This provides the initial function g}_"}“‘o for (3.4) at time 7p,.1. If m+ 1 < M then the computation re-
turns to step (2). The cycle from (2) to (4) is repeated to compute the solution to (1.1) and (1.2) or (2.16) and
(1.2) for & € [(m+ )Ty, (m+2)Ty]. If m+1 =M then k = MNg = N, and g% = g} gives the approximate
solution to (1.1) and (1.2) or (2 16) and (1.2) at time ty, = T. The quantltles ese, ke, FE and ang are computed
at time T from the function gu , and the computational cycle is ended.

4. Computational examples

To demonstrate the effectiveness of the numerical method for solving (1.1) and (1.2) or (2.16) and (1.2) some computa-
tions are carried out to show the convergence to the steady state solution. It can be determined that the steady state solution
for (1.1) and (1.2) is

K exp< |2 [210 ))

fix,v) = (4.1)
24/ (J3 Jo exp (~45) dx)
where K = [, fo(x, v)dvdx. The function ¢(x) is the solution to
e )
Avd = — (K P ( ‘W> - h(x)) (4.2)
fo fo eXp( q//;)dx

with
#(0,x2) = ¢(L,x2), $(x1,0) = ¢p(x1,L).

The function h(x) is such that fo fo x)dx = K. The solution to (4.2) is not unique so that if ¢(x) is a solution so is ¢(x) + ¢ for
a constant c. However, the steady state solution (4.1) is unchanged if ¢(x) is replaced by ¢(x) + ¢
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For a proof that the solution to (1.1) and (1.2) converges to a steady state of the form given by (4.1) and (4.2) we refer to
[8], (Theorem B, p. 492). This proof in [8] is, however, for an initial value problem in a three dimensional space. The functions
fs(x, v), ¢(x) defined by (4.1) and (4.2) are the adaptation to the present two-dimensional periodic problem of the steady state
solution [8], (2.14) and (2.15). Another reference on the time asymptotic behavior of solutions to the Vlasov-Poisson-Fok-
ker-Planck system of the form (1.1) and (1.2) is [6].

Another point to make is that the functions given by (4.1) and (4.2) also provide a time independent solution to (2.16) and
(1.2). This is because v, % -1 (f{z = 0. We do not provide a complete proof as in [8] that the solution to (1.1) and (1.2) or
(2.16) and (1.2) converges to the functions given by (4.1) and (4.2) as t — co. However, a key component of the proof in [8] is
to show that the free energy, FE(t), t > O is a monotonically decreasing function bounded from below. The monotonic de-

crease of free energy is derived as [8], (2.46). Within the present 2-D context this result is written for t € [0, T] as

2

d(ij(t)) _ —ﬁ/A (0VF +20/69 | (Odvdx. 43)
The derivative with respect to t being negative the function FE(t) is therefore decreasing. Following the derivation of [8] one
can readily show that expression (4.3) can be derived from f as a solution to (1.1) and (1.2). The same expression can be de-
rived from f as a solution to (2.16) and (1.2). That the free energy is bounded from below and therefore converges to a limit is
proved in the present context similarly as in [8, p. 499]. This monotonic decrease of the free energy to a limiting value either
for the solution of (1.1) and (1.2) or (2.16) and (1.2) is demonstrated in the computational examples to follow. It is our
assumption that other aspects of the analysis of [8] can be adapted to prove the convergence of the solution of (1.1) and
(1.2) to the steady state solution (4.1) and (4.2) as t — co. We will assume that the solution to (2.16) and (1.2) also converges
to this same steady state solution. The focus at this point is to show this convergence computationally.

In demonstrating the convergence to the steady state representative quantities that are computed are the kinetic energy,
electrostatic energy, free energy, and if B, # 0 the angular momentum. One can determine analytically an exact expression
for the steady state value of kinetic energy. For f;(x, v) given by (4.1) then 1/2 [, |v]*fi(x, v)dvdx = Kq/p. Thus with ke() de-
fined by (3.43) as f — oo then

Kq

ke(f) — 5. (4.4)

Also by replacing f(x, v, t) by f(x, v) in (3.62) it is determined that ang(t) — 0 as t — oco. The steady state values for the elec-

trostatic energy and free energy depend on the function ¢(x). Unless ¢(x) is known exactly one cannot obtain exact values for
the steady state ese and FE.

4.1. The order of accuracy of the deterministic particle method

Some computations are carried out similar to those in [28] to determine the order of accuracy of the numerical method of
Section 3. In [30] an analysis is carried out that shows that as applied to a 1-D linear initial value problem the deterministic
particle method has accuracy that is O((Ax)* + (Av)® + At + &). Here Ax, Av are discretization parameters on phase space, At
the discretization parameter in time, and ¢ provides a contribution to the error due to restriction of the approximation to a
finite domain. If the domain of approximation is sufficiently large, and thus ¢ is sufficiently small then the error follows an
estimate that is first order in At and second order in the spatial small parameters. It is then demonstrated computationally in
[30] that a similar estimate that is first order in At and second order in the spatial small parameters can apply to the periodic
boundary value problem. A result of this type is also demonstrated in [28] for the numerical approximation of the nonlinear
Vlasov-Poisson-Fokker-Planck system in one dimension.

We determine computationally that the results on the order of accuracy in 1-D generalize in a consistent way to the
approximation of (1.1) and (1.2) by the numerical method of Section 3. For this purpose a test problem is constructed. In
(4.1) and (4.2) we let L =1 and

¢(x) = —q/Pcos(2mx1)cos(2Txy). (4.5)
Also,

K= 27rq//)’/0] /0] exp <—%>dx.,

h(x) = 27q/f exp(cos(27x; )cos(2TX,)) + 2q/ B(27)* CoS(27TX; ) COS(2TTX; ).

and

With this an exact time independent solution to (1.1) and (1.2) is

2
f(x, v) = exp(cos(2mx;)cos(27x,)) eXp <— %/ﬁ) (4.6)
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with ¢(x) in (4.2) given by (4.5). The electric field for this solution is
¢

Ei(x) = “a = —q/B(2m)sin(27x; )cos(27X;), (4.7)
Ex(x) = — g—i = —q/B(2m)sin(27x,)cos (27X, ). (4.8)

The approximation to (1.1) and (1.2) is computed by the numerical method of Section 3 with initial data fy(x, ) = f(x, v)
with f(x, v) defined by (4.6). Regarded now as a time dependent solution the function (4.6) is the exact solution for the phase
space distribution function, and (4.7) and (4.8) are the exact components of the electric field.

To determine the order of accuracy we consider the discrete relative L, error in the electric field. The partition of the Pois-
son mesh given in Section 3.2.6 iS X1 x,,X2x,, k1,k2 =0,1,...,N,. The partition of the time interval [0, T] is is given in terms of
ty, k=0,1,...,N; as described in Section 3.1. The exact value of the electric field at the points (X1, ,X2x,) at time £ is

E1 (X145 X2k, tk) = —q/B2T)SIN(27TX1 1, )COS(2TX k),

Ex(X1k,, X2.ky 5 t) = —q/B(27)sin(27Xy k, ) COS(2TTX1 k, ).
For t, in the subinterval [mT,,(m+ 1)T;] then &, =1, +t, where 7, =mT; and t,=nAt, m=0,1,... M -1,
n=0,1,...,Ng. The approximation to the components of the electric field at the Poisson mesh points at the time ¢, is com-

puted in Section 3.2.6 and is denoted Ej(ki, ko),E5(ki,k2). Let dif(Ei(k1,k2,tk)) = E1(X1x,, X2k, tk) — Ef (K1, ko) and
dif (Ex(kq, k2, tk)) = E2(X141, X2, Ex) — E5 (K1, k7). The discrete relative L, error in the electric field is then given by

\/Z/ﬁ 12/(2 1 [ dlf(E1 (klvkzvfk)))z + (dU(EZ(I<17’<27fk)))2]

E'rel (49)

\/Zk1 > 1 E1 (*14,, X2, E0))° (Ez(Xl,kl-/Xz,szk))z]

The parameter, ¢, in (3.3) controls the extent of the domain in velocity space for the discrete approximation. This parameter
is made sufficiently large so that error due to truncating velocity space to a finite domain is made negligibly small. Also, for
all computations of Section 4 N, = N, so the discretization parameter on the Poisson mesh, €, is such that € = AZ. With this
the assumption is made that e(t;) has a bound in terms of discretization parameters A¢, Au, At of the type

erai(fi) < K(B)((AS)? + (Au)® + At) (4.10)

in which K(t) is a continuous function of time. The goal is to verify computationally the error estimate (4.10).

For the computation of relative L, error we let 8 = .1, q = .01 in (1.1) with fo(x, v) = f(x, v) given by (4.6). Computations
are done with (1) Ny=N, =16, A{ =1/16,Au=2/17,At = .004, (2) Ny =N, =24, Af =1/24,Au=2/25 At = .002, (3)
Ny =N, =32, Aé =1/32, Au=2/33,At = .001. The parameter, c, in (3.3) is ¢ = 1. The computations are carried out for
0 <t <T, T=2.For (1) the regrid parameter is N, = 25, for (2) Ny = 50, for (3) Ny = 100. Thus regriding occurs for each
computation at time intervals At = .1. Fig. 1 shows the graphs of e.(t;) for computations (1)-(3), the solid line is from
(3), the dashed line from (2), and the dashdot line from (1). Clearly e, (t;) decreases as Ny, N, increase and At decreases.
We want to determine if the error conforms to the estimate (4.10).

If the function K() in (4.10) is known precisely enough then we can assume e, (£) ~ K(£)((A)* + (Au)® + At). On the
basis of this assumption from computation (3) with Aé; = 1/32, Aus = 2/33, At; = .001 the function K(t;) is approximated.
Let e, 3(ty) be the discrete relative L, error in the electric field computed from (4.9) with parameters A&;, Aus, Ats. Let

= (A&)* + (Aus)® + Ats. Then

erel3(tk)

A
We now determine if the discrete relative L, error from computations (1) and (2) conforms to expression (4.10) with K(&)
given by (4.11). The L, error (4.9), obtained from computation (1) with A¢; = 1/16,Au; =2/17,At; = .004 is denoted
eri1(ty), and the L, error from computation (2) with A& =1/24,Au, = 2/25,At; =.002 is denoted e >(ty). For
A1 = (A& + (Aug)? + Aty and Ay = (A&)? + (Auy)? + Aty let esty (f) = K(fx)Aq, esty(fx) = K(f)A, be the error estimates
for computations (1) and (2). Expression (4.10) is valid if e (tx) < esta(tx), erer1 (k) < estq(ty). Fig.2 shows the graphs of
erii(ty) compared with est;(t), | = 1,2;ep; is the thin line, e,> the solid line, est; the dashed line, est, the dashdot line.
For the computation (2) with Ny =N, =24 At = .002, e, (t;) ~ esty(t;). For the computation (1) with Ny =N, =
16, At = .004, ey 1(tx) =~ esty(tx) up to time t ~ .4. Then ey 1 (£x) < esty(t). Thus, the estimate (4.10) holds for computations
(1) and (2) with K(t,) computed from (4.11). This then provides some confirmation that the order of accuracy of the deter-
ministic particle method of Section 3 is given by an expression of type (4.10).

Another computation is done involving the electrostatic energy to further clarify the order of accuracy estimate. From the
expression for the field (4.7) and (4.8) an exact value of the electrostatic energy is

K(E) ~ (4.11)

B -l 1 1
eSeevact (fi) = 5 / / (|E1|* + |E2|*)dx,dx, = .098696 - - -
0 0

Then let sese(ty) = |eSeexact(tx) — ese(ty)| in which ese(ty) is the approximate value computed from (3.47). Assuming a bounded
continuous function K(f) is known precisely then it is further assumed that the error dese(t;) is given by
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sese(ty) = K(E)((AS)* + (Au)® + Ab). (4.12)

For 1 =1,2,3 let A; = (A&)? + (Aw)? + Aty ese(ty), and Sese;(£y) = |eSeevact (fx) — eSe;(fy)| be quantities corresponding to com-
putations (1)-(3). Thus dese;(ty) = K(t,)A. Let r1 = A3/A; ~.2598 and r, = As/A, ~ .5574. Assuming the error is given by
(4.12) then for I = 1,2, Seses(t)/dese(ty) = 1, or deses(ty) = ridese(ty). Fig. 3 shows the graphs of ese(t;) for computations
(1)-(3) compared to eseex:(tr) for 0 < £, < 2. Fig. 4 shows the graphs of dese(t;), [ = 1,2,3; the dashed line is for [ =1,
the thin line for [ = 2, and the solid line for | = 3. Also plotted in Fig. 4 are the quantities r;dese; (t;) (dashdot line) and
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Fig. 1. Relative L, error in the electric field.
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Fig. 2. Comparison of the relative L, error in the electric field with the error estimate (4.10).
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rydese; (t) (dotted line with asterisks). The graphs of ridese(t;), | = 1,2 are very close to the graph of deses (). It therefore

appears that an expression for the error of the type (4.12) predicts rather precisely the error in the graphs of ese.
4.2. Approach to a steady state having a known exact solution

For the next example an exact analytical expression is obtained for the steady state solution. We begin by letting B, = 0.
The initial data for (1.1) and (1.2) is

0.12
0.115 [rommemmmamesmeeeees beta=:1;q=.01;-c=1
thin line: 16x16, dt =:.004
0.11 soiid line: 32x32, dt £ 001
0.105 dashdot: 24x24, dt =:.002
0.1 rexact ese = 098696 - rio o e e
uw — . - -
N 0.095 o= R it
m - —
0.09
0.085
0.08
0.075
0 0.5 1 15 2
TIME
Fig. 3. Graphs of ese(ty) compared to eseexqct (fx).
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Fig. 4. Graphs of dese,(t),l = 1,2, 3. The graph rydese; (t),r1 = A3 /A;, and the graph r,dese; (ty), 72 = A3 /A,, are compared to deses (tx).
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K 2nx1) (277:x2>)) ( v+ 1/%)
X, V) =—+— |1+ 2€( cos + cos exp | — . 4.13
fO( ) ) Zﬂﬂthz ( ( ( L L p 21/?’1 ( )

If =0, g =0 in (1.1) which gives the collisionless Vlasov-Poisson system then initial data of the form (4.13) results in a
solution that demonstrates Landau damping. Solving (1.1) and (1.2) with initial data (4.13) and 8, q nonzero includes in
the mathematical model effects of particle collisions. For this example the function, f, in (1.1) is assumed to be an electron
distribution with h(x) in (1.2) a fixed background density function for positive ions. The one dimensional form of (1.1) and
(1.2) with initial data of type (4.13) is studied in [1,12,16]. The focus of the present computations is on the convergence of the
solution to a steady state. The solution to (1.1) and (1.2) with initial data (4.13) has a limit function as t — oo that can be
determined exactly. The L, norm of fy(x, v) is [, fo(x, v)dvdx = K. The background charge density in (1.2) is h(x) = K/L? so
that fé fOLh(x)dx = K. At the steady state ¢(x) = 0. Therefore, as t — o it follows from (4.1) that the solution to (1.1) and
(1.2) or (2.16) and (1.2) converges to
K 2
X, v) =—— exp(—|v|"/(2q/p)). 414
fi(x,v) 2na/p) p(=[21"/(2q/B)) (4.14)
Representative quantities that are computed converge to known steady state values. As t — oo the kinetic energy approaches
the value given by (4.4). Since ¢(x) = 0 then

ese(t) — 0. (4.15)
Also, using (4.14) in evaluating (3.44) it follows that

T N S B Y U
ent(t) Kln((an/ﬁ)L2> +CI//)’/A 3 fsdwvdx

and

- gK K

For initial data given by (4.13) and h(x) as given the approximation to (1.1) and (1.2) is computed by the deterministic par-
ticle method of Section 3.In (4.13) we letL = 1, K = 3.5, € = .01, vy, = .3/7. These parameters are the same as those used in
the computations of [28], Figs. 8-11 for the 1-D system. In Eq. (1.1) g = .1. The diffusion parameter q is varied as q = .0005
and q = .002. For the computations Ny, = 20,N, = 20. Thus A¢ = 1/N, =1/20, Au=2/(N, + 1) = 2/21. The parameter c in
(3.3) is ¢ = .5. For the time step At = .01, t, = nAt,n=0,1,...,Ng for Ny = 100. Thus, the interval of the particle computa-
tion is [0, T4], T; = 1. Regriding is done at time t,, = mT; = m, m = 1,...,M, with M = 50. The total number of time steps is
N¢ = MN; = 5000. The time of the computation is ty =T, +ty, k=M —1)Ng+n, m=1,...,50;n=0,1,...,100. Thus
k=0,1,...,5000 and O < t; < 50.
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0.06 /

beta=.1, dt=.01, c=.5
N =20, N =20, N =100
X A g
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Fig. 5. Kinetic energy for Landau damping.
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If g = .0005 then according to (4.4) ke(t) — (3.5)(.0005)/.1 = .0175. If ¢ = .002 then ke(t) — (3.5)(.002)/.1 = .07. The
approximation to kinetic energy is ke(t,) computed according to (3.45). The graphs of ke(t;) are shown in Fig. 5 compared
to the exact steady state values. The electrostatic energy, ese(ty), is computed from (3.47). The graphs of ese(t;) are in
Fig. 6. For both graphs ese — 0 as expected; however, the approach to zero is faster for larger q. The free energy graphs
are shown in Figs. 7 and 8. It is known from (4.3) that the free energy is a monotonically decreasing function of time. Letting
L=1,K=3.5=.11n (4.16) then if ¢ = .0005, FE — .082481 and if q = .002, FE — .232884. The graph of FE(t;) showing
the convergence to the steady state value is in Fig. 8 for g = .0005 and in Fig. 7 for ¢ = .002. The small discontinuities in
the FE graphs are due to the regriding. The regriding preserves the continuity of the kinetic energy but not that of the entropy

-5
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Fig. 6. Electrostatic energy for Landau damping.
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Fig. 7. Free energy for Landau damping, ¢ = .002.
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or free energy. The graphs in Figs. 5-8 demonstrate that the approach to the steady state of the computed values agrees well
with the exact steady state values.

Some comments are provided at this point on how to set the parameters T; = At and At giving the length of the interval
and time step for the particle computation. This then determines the regrid parameter N,. In general the parameter At
should be large relative to At so that many iterations of the particle method take place before regriding, but At should be
small relative to the total time of computation, T. The coefficients ¢,(i,j, t;) in (3.4) increase with increasing t, in the interval
[0, T4], and the quantity ©(t,) following (3.5) also increases. The closer ®(t,) gets to one the more iterations are needed for
convergence of the SOR algorithm for solving (3.4). So At = Ty and the parameter N, are made sufficiently small so as to limit
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Fig. 8. Free energy for Landau damping, q = .0005.
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Fig. 9. Graphs of electrostatic energy for b = 0 and b = .01.
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the number of iterations required for convergence of the SOR algorithm on the interval [0, T;]. For example, for the compu-
tation of Figs. 5 and 6 for § = .1, ¢ =.002, T; =1, Ny = 100 the SOR method converges to a tolerance of 107" with 8to 9
iterations at each time step on the interval [0, T;]. Another reason for making T, relatively small is to keep discontinuities at
the time of regriding from becoming too pronounced. Such discontinuities due to regriding are apparent in the free energy
graphs, Figs. 7 and 8. Within limits the regrid parameter need not be specified very precisely. Regarding the solutions of Figs.
5 and 6 the regrid parameter is N; = 100. There is little change in the solution if N; = 50. However, without regriding the
particle method becomes unstable and inaccurate for sufficiently large time. This happens regardless of whether the SOR
method or Douglas-Rachford method is used for solving (3.4). For example, without regriding the ese graph of Fig. 6 for
p=.1,q =.002 diverges away from zero and the solution becomes inaccurate after about 500 steps of the particle method
alone. With regriding the solution is stable and accurate over an extended time interval. The main consideration in deter-
mining At, the time step of the particle method, is the accuracy of the solution. Our assumption based on the computations
of Section 4.1 is that the accuracy of the method is O((A¢)® + (Au)® + At). Hence, it is assumed we should have At < A¢, Au.
Given this constraint At is then made sufficiently small so that the solution is not significantly changed by further reducing
At. Some initial experimentation is needed to determine values for T; and At.

We now consider the effect of letting B, = b # 0 in which case the equations to be approximated are (2.16) and (1.2). The
initial data for (2.16) is maintained as (4.13). The parameters L, K, €, vy, f are as previously given. The parameter b is given
the value B, = b = .01. The parameter q is varied as g = .0005 and q = .002.

In applying the deterministic particle method of Section 3 to approximate (2.16) and (1.2) the computation of particle
trajectories, first an second partial derivatives, and coefficients in (3.4) are carried out according to Sections 3.5.1, 3.5.2
and 3.5.3.

We compare the computation of kinetic energy, electrostatic energy, and free energy for b = .01 with the case previously
computed for b = 0. What is observed is that the graphs of ke(t;) and ese(t;) for b = .01 and b = 0 are so close as to be indis-
tinguishable. Also, the graph of FE(t;) computed for b = 0 from (3.48) appears essentially the same as for FE(ty) — 1/2b°12
computed from (3.61). To demonstrate this the graphs of ese(t;) for g = .0005 with b = 0 and b = .01 are shown in Fig. 9
for 0 < t; < 20. The graph for b = .01 is the solid line. The graph for b = 0 is a dotted line with x’s at every eighth data point.
The x’s are visible, but otherwise the dotted line cannot be distinguished from the solid line.

A quantity that clearly distinguishes the solution with b = .01 from that with b = 0 is the angular momentum. The angu-
lar momentum, ang(t), is defined by (3.62), and if b = 0 it can be determined analytically that if the initial data is (4.13) then
ang(t) = 0, t > 0. This is not the case if b # 0. Fig. 10 shows the graphs of the approximation to angular momentum, ang(t),
computed according to (3.65) for the solution with b = .01. The solid line is for g = .002, the thin line for ¢ = .0005. Thus, for
b = .01 the angular momentum is a nonzero oscillating quantity which decays to zero as t, gets large, the larger the value of
q the faster the decay to zero. For b = 0 ang(t;) ~ 0. Fig. 10 also includes the graph ang(t,) for b = 0 and q = .0005 given by a
dashdot line. For this graph |ang(f)| < 107'°, so the graph essentially coincides with the t axis. The graph of angular momen-
tum for b = 0, g = .002 is similarly close to zero. For all computations ang(t;) — O for large t,. This is consistent with the fact
that for f; given by (4.14)
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Fig. 10. Graphs of angular momentum for b = 0 and b = .01.
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limg_ ang(t) = /(x1 vy — X 01)fs(x, v)dvdx = 0
A

We note that for the computations involving angular momentum the regrid parameter is N, = 50. The more frequent reg-
riding avoids some small discontinuities in the angular momentum graphs at points of regriding and otherwise has a neg-
ligible effect on the solution from that previously computed with N, = 100.

We now take a closer look at the graphs of electrostatic energy given in Fig. 9 and determine that there is a difference
between the ese graphs for b = .01 and b = 0. The graphs in Fig. 9 are for ¢ = .0005. It can be determined that for f, ¢ the
solution to (1.1) and (1.2) and E = —V ¢ then

dt 2 / / |E]‘ + ‘Ez ddeX] = 7/(E] 2 +E27/2)fdl/dx.
A

That is

jf ese(t) = — /A(E- v)f (x, v, t)dwvdx. (4.17)
The same formula (4.17) is derived if f, ¢ are the solution to (2.16) and (1.2). Thus, let ese(t) be the electrostatic energy asso-
ciated with the solution to (1.1) and (1.2) and ese, () be the electrostatic energy associated with the solution to (2.16) and
(1.2). Also, the distribution function and electric field for (1.1) and (1.2) are denoted f(x, v,t) and E(x,t) = (E1(x, t), E2(x, t)).
The distribution function and field for (2.16) and (1.2) with b # 0 are denoted f,(x, ,t) and Ey(x,t) = (Ep1(x,t), Ep2 (X, t)). Then
from (4.17) an equation for the difference ese(t) — ese,(f) is

%(ese(f) — eses(£)) = f{ /A (E- )f(x, v, D)dvdx — / (Ey - 0)fy (x, v, E)dvdx| . (4.18)

Let I(t) = [,(E- v)fdvdx and I,(t) = [,(Es - v)fpdvdx. Also, let dese(t) = ese(t) — ese,(t) and dI(f) = I(t) — I,(f). According to
(4.18) the extreme values of dese( ) occur at the zeros of dI(t). This is demonstrated numerically. Let ese(t,) be the ese graph
for b=0 and ese,(t;) the graph for b= 0. These graphs are in Fig. 9. Then the approximation to dese(t) is
dese(ty) = ese(ty) — esep(ty). The approximation to I(t) is computed from the formula

t" Z Z( 1(11/ 4,1 av )+EZuy( )SZ,GU(K)>€2~ (4]9)

1 ky=1

Here {7 ,, (3., are precisely as in (3.65) and EY ,,, E; ,, are as in formula (3.47). The approximation to I,(t), denoted Iy (&), i
computed exactly as for (4.19) in which the field Ej(x) and moments {}(x), {5(k) are obtained by approximating (2.16) and

(1.2) with b # 0. Thus, the approximation to dI(t) is dI(ty) = I(tx) — I(ty). Fig. 11 shows the graph of dese(t,) and —dI(ty) for
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Fig. 11. Graphs of dese(ty) and —dI(t;) for 0 < £, < 50.
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the time interval [0, T], T = 50. The computational parameters are those of Fig. 9. Fig. 12 shows the graph for 0 < f, < 20 in
which it is more clearly seen that the relative maxima and minima of dese(t;) are at the zeros of dI(t;). This then is consistent
with Eq. (4.18). The maximum value of dese(f,) is 0(107%). This difference between ese(f,) and ese, (f;) is not apparent from
the graphs in Fig. 9.

If the strength of the magnetic field is increased, that is the constant b in (2.16) is increased, then the angular momentum
increases. Fig. 13 shows the result of computing the solution to (2.16) and (1.2) with ¢ = .0005 and b = .1. The thin line is the
angular momentum computed with b = .1 in comparison to that computed with b = .01 shown by the solid line. The quan-
tity dese(ty), shown in Fig. 11 for b = .01, similarly increases. If b = .1 the graphs of dese(t,) and dI(t;) have a similar form to
the graphs in Fig. 11, but the maximum value of dese(f;) is now 0(10~°). These graphs are not shown.

The graphs of angular momentum, Figs. 10 and 13, and the graph of dese(ty), Fig. 11, demonstrate the difference in the
solutions to (1.1) and (1.2) for b = 0 and (2.16) and (1.1) for b # 0. What is also observed is that representative quantities
approach the same steady state values if b = 0 and (1.1) and (1.2) is solved or b # 0 and (2.16) and (1.2) is solved. Thus
in Figs. 10 and 13 ang(t,) — 0 and in Fig. 11 dese(t;) — O as t, gets large. This is consistent with our assumption that solutions
to (1.1) and (1.2) and solutions to (2.16) and (1.2) with b # 0 approach the same steady state solution given by (4.1) and
(4.2). However, for the present example it can be shown more precisely that the solutions with b = 0 and b # 0 both con-
verge with increasing time to the same limit function.

For initial data (4.13) we demonstrate that the solutions to (1.1) and (1.2) with b = 0 and (2.16) and (1.2) with b # 0 con-
verge in a pointwise sense to the exact steady state solution given by (4.14). The approximation to the distribution function,
f(x,v,t), is recovered on a fixed grid at the time of regriding. That is in Section 3.3 at time
ty = Tm = mTy, t, = 0,k = mNg,n = 0 the grid function gf}o ~ f(&,n;, mT1) where f(x, v,t) is the solution to (1.1) and (1.2)
if b=0 or (2.16) and (1.2) if b # 0 and &, #; are defined by (3.1) and (3.3). For f(x, ) given by (4.14) let f; = fi(&;, 1;) be
the exact steady state solution at grid points (¢;, #7;). At time &, = T, the maximal difference between gﬁ}"o and f¢ is computed
as

difmx(tm) = maxijlg;® - £ (4.20)
form=0,1,...,M.

For b = 0 and the solution to (1.1) and (1.2) we consider the computations of Figs. 5-8. Here At = .01, N, = 100 so At =1
and T, =mform=0,1,...,M with M = 50. The quantity difmx(t) is computed for the solution with g = .1, g = .002 (the
solid line in Figs. 5 and 6). The solid line in Fig. 14 shows the graph of difmx(t,) for 0 < t, <50. For
Tm = 0, difmx(0) = 32.59. The minimum of difmx is at 7,, = 19 and is difmx(19) = .0306. We note that 7,, = 19 approximately
corresponds to the point where the graph of ke, Fig. 5, takes on the exact steady state value. The quantity difmx then increases
somewhat to an approximately constant steady state value. At 7, =50 the maximal difference (4.20) is at
iy = 16,i; = 5,j; = 10,j, = 11 and is difmx(50) = .3056.
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Fig. 12. Graphs of dese(ty) and —dI(ty) for 0 < £, < 20.
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Fig. 14. Maximal difference between solutions to (1.1) and (1.2) and (2.16) and (1.2) and the exact steady state solution (4.14).

For b# 0 and the solution to (2.16) and (1.2) we consider the computation of Fig. 10 for which b =.01. Here
At = .01, N; =50 so At =.5 and 7, =.5m for m=0,1,...,M with M = 100. The quantity difmx(t,) is again computed
for the solution with = .1, g =.002 (the solid line in Fig. 10). The graph for difmx(tn,) for b = .01 is a dashdot line in
Fig. 14. There is a very close correspondence between this graph and the solid line graph of b = 0, so to distinguish the
two graphs “x’s” are plotted at every fourth data point on the dashdot graph for b = .01. For b = .01 the minimum of difmx
is at 7, = 19.5 and is difmx(19.5) = .0451. At t,, = 50 the maximal difference is at iy =5,i, =5,j;, =11,j, =11 and is
difmx(50) = .2739. The convergence of difinx as t; gets large is essentially the same for b = 0 and b = .01, and the conclusion
is that the limit function for both of these solutions is (4.14).
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In Fig. 15 a one dimensional profile of the solution for b = 0 is graphed that includes the point of maximal difference at
T, = 50. For the graphs in this Figure i; = 16,i, =5,j, =11 and j; = 1,...,N,, N, = 20. The exact steady state solution is
denoted fe = fs(&,n;) for fi(x, v) given by (4.14) and 11,12,]2 constant andj1 variable. Similarly with iy, i, j, constant and j,
variable the approx1mate solution at 7, = 50 is f" = g,] , m = 50. The initial function at 7, = 0 is denoted f'l = gu . The grid
functlong is defined in Section 3.2.1 for Wthh the initial functlonfo(x v) is given by (4.13). The quantities f, f andf’ are
graphed as functlons of 17, defined by (3.3). The dashed line in Fig. 15 is fI the solid line is f. The exact steady state solu—
tion, f£, is given by a dashdot line; however, on this scale it cannot be seen against the solid lme offqn so “Xx’s” are plotted at
the data points along the f¢ graph. Thus, at T = 50 this 1-D profile of the approximate solution g ¥js close to the profile of
the steady state solution. The maximal difference of difmx(50) = .3056 occurs at j; = 10, i.e,, ;;, = 0. This is seen graphically
on a fine scale in the inset to Fig. 15. The maximum offe is 27.07, also occuring at j; = 10. The relative maximum error along
the 1-D profile is dlfmx(SO)/mathE =.0113.Forb = 01 similar graphs are obtained for a 1-D profile of the solution through

the point of maximal difference at t,, = 50.

4.3. Approach to a steady state with ¢(x) #= 0

Some computations are now done to verify the form of the steady state solution (4.1) and (4.2) in the case that ¢(x) # 0. In
this case the steady state value of kinetic energy is known exactly from (4.4); however, ¢(x) is in general not known exactly.
Therefore, to obtain the steady state solution f;(x, ) given by (4.1) the function ¢(x) must be approximated, and on this basis

the steady state values of ese and FE are also computed.
The Eqgs. (1.1) and (1.2) are approximated with L = 1 for the domain .4 and with initial data a shifted Maxwellian given as

fox,v) = % exp(—10[(zy —.75)* + (v — .5))). (4.21)

Thus [, fo(x, v)dvdx = 1. The background charge h(x) is

h(x) =1 + sin(2mxy) + sin(27x,). (4.22)

As fo fo x)dx = 1 then for fy(x, v) and h(x) as given the condition for charge neutrality is met. An example problem of this
type in 1-D is considered in [25].

The solution to (1.1) and (1.2) with initial data (4.21) and background charge (4.22) converges to a steady state for which
¢(x) # 0. We determine that the steady state solution is given by (4.1) and (4.2) as follows: the solution to (1.1) and (1.2) is
computed on a time interval [0,T] such that at t = T representative quantities, ke, ese, FE, have converged closely to time
independent values. At this point the computation is stopped. At time t =T the grid function ¢, ,, given by the solution
to (3.34) is used to approximate the steady state solution (4.1). This approximation to (4.1) is then used as initial data for
the deterministic particle method to approximate the solution to (1.1) and (1.2) on a time interval [0, T]. If the solution
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Fig. 15. 1-D profile of)jf (exact), fj“ (initial),ff]" = gf}:"'., m = 50 (solution) vs. 0, ,j; = 1,20, with the inset showing the maximal difference between j;j and
£
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on [0, T] has converged closely to the steady state given by (4.1) and (4.2) then the solution on [0, T] should be approximately
constant and match the [0, T] solution given at time ¢t = T. With the grid function ¢, ,, computed at time t = T and referring
to Section 3.2.1 the initial data for the computation on [0, T] is given by

ko

K 12 /2 + §gy(i . o
fo(gi,nj)_mexlg(_%) i =1, Ne Jrda=TroosNow Ny =Ny, (4.23)

and where ¢, (i) = [¢;, 14,1 + Di, 5,1 + Di,—14, + Piy i,)/4- The constant C is computed on the Poisson mesh of Section 3.2.6
and is

Ny Np ¢
C= Z Z exp< zw ))
k=1 k=1 /ﬁ

For initial data given by (4.21) and h(x) given by (4.22) the numerical method of Section 3 is computed for the time inter-
val [0,T],T = 30. The computational parameters are L = 1, = .1. The constant q is varied as q = .1, .2, .4. The grid parame-
ters are N, = 30, N, = 30, N, = 30, At = .005. Diffusion to higher velocities occurs more rapidly with higher q values. To
adequately represent higher velocity particles the computational domain in velocity space is made wider for larger g. This
is done by adjusting the constant c in (3.3). Thus, for g = .1, ¢ = 2, for ¢ = .2, ¢ = 4, and for q = .4, ¢ = 8. The regrid param-
eter is N; = 40. Therefore, the particle computation is carried out on a time interval [0, T],T; = .2. Regriding occurs at times
Tm=.2m m=1,2,...,150.

For the computation for each value of g the grid function ¢, ,, is taken at time f, = 30 and used to determine the initial
grid function, fo(&;,7;), given by (4.23). The constant K is K = 1. With initial data (4.23) and background charge (4.22) the
numerical method of Section 3 is computed on a time interval [0,T], T = 20. All computational parameters are maintained
the same as for the computation on [0, T], T = 30. In graphing the results the solution for each value of q on [0,T] is shifted
to the time interval [T, T + T] and matched to the solution on [0, T] with initial data (4.21). Thus, the solution is graphed on
the time interval [0, T + T] = [0, 50]. The solution on [0, T] = [0,30] is computed with initial data (4.21), and the solution on
[T,T +T] = [30,50] is computed with initial data (4.23).

Fig. 16 shows the graphs of kinetic energy. According to (4.4) with p=.1, K=1 if ¢=.1 then ke — 1, if ¢ = .2 then
ke — 2, and if g = .4 then ke — 4. This convergence to the steady state values is demonstrated in Fig. 16. Also, the graphs
on the interval [30,50] computed with initial data (4.23) are approximately constant and match well at time T =30 to
the graphs on [0,30] computed with initial data (4.21). On a fine scale one can perceive small discontinuities in the ke graphs
at time T = 30 where the solution with initial data (4.21) ends and the solution with initial data (4.23) begins.

Fig. 17 shows the graphs of electrostatic energy, and Fig. 18 shows the graphs of free energy. The solid line is for g = .1,
the dashdot line for g = .2, and the dashed line for q = .4. Small discontinuities can be perceived mainly in the ese graphs at
time T = 30 where the solutions are restarted with initial data (4.23). Otherwise, there is a good match between the
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Fig. 16. Kinetic energy for shifted Maxwellian, time dependent and steady state solutions.
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Fig. 17. Electrostatic energy for shifted Maxwellian, time dependent and steady state solutions.
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Fig. 18. Free energy for shifted Maxwellian, time dependent and steady state solutions.

approach to steady state computed on the interval [0,30] and the steady state solution graphed on the interval [30,50]. For
the ese and FE a comparison is not made to exact values. As ¢(x) is not known exactly at the steady state we are not able to
determine analytically exact steady state values for ese and FE. None-the-less, the computations provide verification that the
time dependent solution on [0, T], T = 30 converges to a time independent solution of the form (4.1) and (4.2).

To give a graphical demonstration of pointwise convergence to the steady state we show the evolution of a 1-D profile of
the approximate solution at times of regriding. For this example At = .005, N, = 40, so T; = At = .2, and regriding occurs at
timet, =.2m, m=1,2,...,M, M = 150. Thus, 0 < 7, < 30. We consider the computation for § = .1, q = .1, the solid line in
Figs. 16-18. The 1-D profile is obtained by letting i; = 15,i, = 15,j, = 15, and j, = 1,2,...,N,, N, = 30. The grid function
obtained from the regriding process of Section 3.3 at time f; = 7, is denoted g?}"’ form=1,2,...,M where M = 150. We note



that g}’}"o ~ f(&,n;, mTy) for f(x, v, t) the solution to (1.1) and (1.2) with initial data (4.21). For iy, i»,j, constant and j; variable
let fm = g{°. The initial profile at time 7,, = 0 is denoted f{ = g} where g/ is defined in Section 3.2.1 on the basis of the
initial function fy(x, v) given by (4.21). There is not an exact analytical solution for the steady state for this example. A best

approximation to the “exact” 1-D profile for the steady state solution is taken to be f¢ = fo(&;, ;) where fo(&;,n;) is the
approximation to (4.1) and (4.2) given by (4.23). Fig. 19 shows the graphs ofﬂ], ¢ and f" for m = 25,50, and 150 plotted

J1
as functions of #,;. That is we plot the initial profile at 7, =0, the evolution of the solution profile at times

Tm = 5,10,30, and the”exact” steady state profile. The graph ofj;.'; is the dashed line, the graphs offj’lﬂ for 7, =5,10,30
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are given by solid lines, the graph of f¢ is a dashdot line. Thus, for m = 150, 7, = 30 the graph of f" has converged closely to
the”exact” profile, f£. For m = 150 the maximal difference between f" and f¢ is max;, |f" — f| = .0032. The relative maximal
difference is max;, |f" — f¢|/max;, (f?) = .0201.

For the computations up to this point the Eq. (3.4) has been solved by the iterative SOR method. Referring to Section 3.2.2
for the notation the iterative procedure (3.6) and (3.7) continues until Hh"+1 - th < 107" at which point it is stopped and
g;ﬂj” = hf-‘f. As the diffusion parameter q is increased the number of iterations required for convergence of the SOR algorithm
increases. This is because the quantity ©(t,) following (3.5) gets close to one for large q. Thus the number of iterations of the
Jacobi method increases, and there is an increase in the number of iterations needed for the SOR procedure (3.6) and (3.7) as
well. For g sufficiently large the more efficient method for solving (3.4) can be the direct Douglas-Rachford method (3.15)-
(3.17) and (3.18). To demonstrate the use of the Douglas-Rachford method we consider initial data of the form (4.21) and
compute the time dependent solution to (1.1) and (1.2) with g = 1,q = 2. The other computational parameters are the same
as for f=.1,q = .2 in Figs. 16-18.If $ = .1,q = .2 the SOR method requires on average 9-10 iterations to solve (3.4) to a tol-
erance of 10" '? in carrying out the particle computation on [0,T;],T; = .2.If = 1,q = 2 the number of iterations required of
the SOR method to reach the tolerance of 1072 is on average 20-21 on [0,T4],T; = .2. In this case the more time efficient
method for solving (3.4) is the Douglas-Rachford method. For = 1,q = 2 we, therefore, solve (3.4) according to the proce-
dure (3.15)-(3.17) and (3.18). We note that the steady state solution (4.1) and (4.2) depends only on the ratio q/p. Therefore,
with other parameters the same the solution to (1.1) and (1.2) with g = 1,q = 2 converges to the same limiting solution as
with g = .1, q = .2. However, the convergence to the limit is faster with the larger g, q values. The solution for § =1,q = 2 is
computed on the time interval [0, T], T = 10. Fig. 20 shows the graphs of kinetic energy, ke, for the solution with =1, =2
compared to the solution with g = .1,q = .2 (computed with the SOR algorithm). The dashdot line is for g = 1, q = 2, the solid
line for B = .1,q = .2. As expected the two solutions converge to the same limit with the larger g, 8 values resulting in the
faster convergence. From (4.4) the exact limiting value of ke is ke — 2. Fig. 21 shows the FE graphs, the dashdot line for
B =1,q =2, the solid line for p = .1,q = .2. The two graphs approach the same limit. In this case we do not have an exact
FE value for comparison.

4.4. Computation on a parallel computer

In computing the numerical method of Section 3 an effort has been made to write a computer program to run on a parallel
computer. At this point the process of parallelizing the algorithms is not complete although some progress has been made as
will be described. Referring to Section 3.1 parallel computations are done for quantities given in terms of the four dimen-
sional phase space variables (&;, u;) with indices i = (i1, i), j = (j;,J,). Within this context the most significant computation
not yet parallelized is that to compute the solution to (3.4), i.e., the SOR algorithm (3.6) and (3.7) or the Douglas-Rachford
method (3.15)-(3.17) and (3.18). The other relatively large computation that has not been parallelized is the regriding of Sec-
tion 3.3. However, as the regriding is done relatively infrequently it does not account for much time in the overall compu-
tation. All other computations involving (&, u;) with indices i = (i1,1), j = (j;,j,) have been adapted to run on a parallel
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Fig. 21. Free energy for = .1,q = .2 using the SOR method and = 1,q = 2 using the Douglas-Rachford method.
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multiprocessor system. Computations on a 2-D space involving only two indices are not parallelized and run simultaneously
on each processor as needed. These computations are the solution to the Poisson equation (3.34) and computations involving
the field at the Poisson mesh points.

The computer program is written in Fortran 77 for a parallel computer with MPI (multiprocessor interface). Our reference
for writing the program is [22]. For computations involving indices iy,i; = 1,...,Ny;j;,j, = 1,...,N, division between pro-
cessors is carried out on the basis of the index j,. Let N, = nyn, for integers n,, n,. Then forj, = 1,... N, groups of n, indices
of j, are allocated to n, processors. So on processor O, ij,i; =1,...,Ny,j; =1,...,N,, and j, =1,...,n,; on processor
1, iy,i3,j; are the same and j, =n,+1,...,2n,; on processor n, — 1, iy, i,,j; are the same and j, = (n, — 1)ng +1,...,N,.
The quantities in Section 3 that are computed according to this format are as follows: p,(t,) based on expression (3.32);
the field E; and the first and second partial derivatives of the field at particle positions (these quantities are obtained from
expressions (3.36)—(3.38) in which x; = x;(i,j, ty), X2 = X2(i,], t,)); the kinetic energy based on (3.45) and entropy based on
(3.46); the particle trajectories and first and second partial derivatives from Egs. (3.19)-(3.24), (3.27) and (3.28); the coef-
ficients ¢(i,j, tn),l = 1,...,10, defined at the end of Section 3.2.4; the coefficients ¢/(i,j,t;),| = 11,..., 14, defined at the end
of Section 3.2.5.

To demonstrate the parallel computation we consider the example of Figs. 5 and 6 with g = .0005. Here the initial data is
given by (4.13), grid parameters are Ny = 20,N, = 20. The regrid parameter is N; = 100. The number of processors used, n,
is a factor of 20. Computations are done for n, = 1,5, 10, 20. The program is run on a 400 node Xeon-based 64-bit Linux, Beo-
wulf cluster. One complete cycle of the numerical procedure of Section 3 is computed. That is, the grids are set up, 3.1, and
initial data is computed, 3.2.1; then N; = 100 steps of the deterministic particle method of Section 3.2 is carried out, i.e.,
3.2.2,-,3.2.6, and included are the computations of ese, ke, FE of 3.4; when n = Ny = 100 the regriding of Section 3.3 is done
and the computation is stopped. The results of the computation are given in Table 1. In Table 1 “Total” refers to the total time
of the computation in seconds, “DP-Total” is the amount of time spent on the 100 steps of the deterministic particle (DP)
method of Section 3.2, “DP-PI” is the time spent on the parts of the DP method of Section 3.2 for which the computations
are parallelized. Thus if 1 processor is used the total computation time is 228.21 seconds. The total time spent on the DP
method is 225.61 seconds and of this 171.46 seconds are spent on computations that are parallelized. The parts of the DP
method that are not parallelized are the computation of (3.4) (the SOR algorithm is used) and the computations on the 2-
D grid. The 2-D computations are solving the Poisson equation (3.34), obtaining the field and its derivatives at the Poisson
mesh points, and computing the ese. The 2-D computations account for a small amount of computing time. Most of the time
in the nonparallel part of the DP method is taken up with the computation of (3.4). Thus, with 1 processor DP-Total-DP-
Pl =54.15 seconds. The total time computing (3.4) is 50.68 seconds. The difference between Total = 228.21 seconds and
DP-Total = 225.61 seconds is mainly taken up with the regriding of Section 3.3.

If more than one processor is used the time for DP-PI is significantly reduced and scales well with the number of proces-
sors used. Table 1 gives the results for 5, 10, and 20 processors. However, the quantity DP-Total-DP-PI increases. This is due
to the fact that (3.4) is computed on a single processor and the result needs to be broadcast to all the processors for subse-
quent computations. Also, the coefficients in (3.4) are obtained from parallel computations and need to be gathered onto a
single processor for the computation of (3.4). The time for these gathering a broadcasting operations increases significantly
with the number of processors being used. These effects are demonstrated in Table 2. In this table “DP-Total” is abbreviated
“DP-T”, so the time spent on the nonparallel part of the DP method is “DP-T-DP-PI”. The total time spent gathering coeffi-
cients, computing (3.4), and broadcasting the result is “Time (3.4)”, and “% (3.4)” gives the ratio"Time (3.4)/(DP-T-DP-PI)".
Thus, if 1 processor is used 94% of time spent in the nonparallel part of the DP method is used in computing (3.4). If 5,
10, or 20 processors is used 88% to 90% of nonparallel computing time is used in the computations involving (3.4).

Referring to Table 1 it is clear that most of the computing time is spent on the deterministic particle (DP) method. The
regriding which is the main component of “Total-DP-Total” is a small contribution to the total time of computation. The time

Table 1

Time in seconds, parallel program.

Processors DP-PI DP-Total Total

1 171.46 225.61 228.21
5 34.84 117.43 119.66
10 14.83 103.77 105.70
20 7.18 101.60 104.40
Table 2

Time for nonparallel computations.

Processors DP-T-DP-P1 Time (3.4) % (3.4)
1 54.15 50.68 94

5 82.59 73.01 .88

10 88.94 79.02 .89

20 94.42 84.71 .90
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for the DP method, “DP-Total”, is reduced from 225.61 seconds with 1 processor to 101.60 seconds with 20 processors. The
total computation time reduces from 228.21 seconds with 1 processor to 104.40 seconds with 20 processors. This is a reduc-
tion in computing time of about 46%. To obtain a significant further reduction in computing time it is necessary to develop a
parallel algorithm for solving (3.4) and to avoid the broadcasting and gathering operations that are presently being used. A
parallel program for solving (3.4) can be based on the SOR method, (3.6) and (3.7), or the Douglas-Rachford method, (3.15)-
(3.17) and (3.18).

The complete computation of the example of Figs. 5 and 6 with g = .0005 requires 5000 time steps and 50 cycles of the
numerical method of Section 3. Using 10 processors a total run time of this computation was 5114.18 seconds or about 1
hour and 25 minutes. This is approximately what one could expect by taking the run time under “Total” of Table 1 for 10
processors and multiplying the number by 50.

5. Conclusion

It is shown in this paper that the numerical procedure of [28] for approximating the 1-D Vlasov-Poisson-Fokker-Planck
system can be carried out for the system in two dimensions. The numerical approximation can be considered a type of deter-
ministic particle method. In two dimensions various computations become more lengthy and somewhat more complicated,
but otherwise there is a reasonably straight forward generalization of the components of the numerical method from 1-D to
2-D. Also, in two dimensions it becomes meaningful to consider the electrostatic problem with a constant, perpendicular
magnetic field. The numerical approximation is easily adapted to include the constant magnetic field. The computational
examples show that the numerical method is convergent and accurate on an extended time interval. The order of accuracy
is demonstrated computationally to be first order in time and second order in the spatial small parameters. This is consistent
with the order of accuracy found for the approximation in one dimension.

It is conjectured that the solution to (1.1) and (1.2) with zero magnetic field and the solution to (2.16) and (1.2) with con-
stant, nonzero magnetic field both converge to the same steady state solution given by (4.1) and (4.2). There is not a com-
plete analytical proof to guarantee this convergence; however, computational examples are given that demonstrate that the
solution with both zero and nonzero magnetic field converge for large time to the same limit. The computational work,
therefore, provides some verification for the assumption that solutions to (1.1) and (1.2) and (2.16) and (1.2) both converge
as t — oo to (4.1) and (4.2).

Parts of the numerical method are readily adapted to run on a parallel computer, and this parallelization significantly re-
duces the overall run time for the computer program. The main component of the numerical procedure that has not yet been
parallelized is the approximation of the PDE (2.9). At present this is setting the limit on the reduction in computing time that
is achieved by the parallel program.
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